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LOCAL THEORY FOR SPATIO-TEMPORAL CANARDS
AND DELAYED BIFURCATIONS
DANIELE AVITABILE ∗, MATHIEU DESROCHES † , ROMAIN VELTZ † , AND MARTIN
WECHSELBERGER ‡
Abstract. We present a rigorous framework for the local analysis of canards and slow passages
through bifurcations in a wide class of infinite-dimensional dynamical systems with time-scale separa-
tion. The framework is applicable to models where an infinite-dimensional dynamical system for the
fast variables is coupled to a finite-dimensional dynamical system for slow variables. We prove the ex-
istence of centre-manifolds for generic models of this type, and study the reduced, finite-dimensional
dynamics near bifurcations of (possibly) patterned steady states in the layer problem. Theoreti-
cal results are complemented with detailed examples and numerical simulations covering systems of
local- and nonlocal-reaction diffusion equations, neural field models, and delay-differential equations.
We provide analytical foundations for numerical observations recently reported in literature, such as
spatio-temporal canards and slow-passages through Hopf bifurcations in spatially-extended systems
subject to slow parameter variations. We also provide a theoretical analysis of slow passage through
a Turing bifurcation in local and nonlocal models.
1. Introduction. Many physical and biological systems consist of processes that
evolve on disparate time- and/or length-scales and the observed dynamics in such
systems reflect these multiple-scale features as well. Mathematical models of such
multiple-scale systems are considered singular perturbation problems with two-scale
problems as the most prominent.
In the context of ordinary differential equations (ODEs), singular perturbation
problems are usually discussed under the assumption that there exists a coordinate
system such that observed slow and fast dynamics are represented by corresponding
slow and fast variables globally, i.e., the system of ODEs under consideration is given
in the standard (fast) form
(1.1)
u˙ = F (u, v, µ, ε)
v˙ = εG(u, v, µ, ε),
where (u, v) ∈ Rn×Rm, F and G are smooth functions on Rn×Rm×Rp×R>0, and
0 < ε 1 is the timescale separation parameter. The geometric singular perturbation
theory (GSPT) to analyse such finite dimensional singular perturbation problems is
well established. It was pioneered by Neil Fenichel in the 1970s [39] and is based on the
notion of normal hyperbolicity1 which refers to a spectral property of the equilibrium
set S of the layer problem (also known as the fast subsystem) obtained in the limit
ε→ 0 in (1.1). In GSPT, this set S := {(u, v) ∈ Rn×Rm : F (u, v, µ, 0) = 0} is known
as the critical manifold since it is assumed to be an m-dimensional differentiable
manifold. Normal hyperbolicity refers then to the property that the (point) spectrum
of the critical manifold is bounded away from the imaginary axis (on every compact
subset of S).
Loss of normal hyperbolicity is a key feature in finite dimensional singular per-
turbation problems for rhythm generation as observed, for example, in the famous
van der Pol relaxation oscillator. An important question in this context is how the
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1Precise definitions for this and other GSPT concepts can be found in the Appendix.
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transition from an excitable to a relaxation oscillatory state occurs in such a system.
The answer is (partially) given by the canard phenomenon which was discovered by
French mathematicians who studied the van der Pol relaxation oscillator with constant
forcing [12]. They showed an explosive growth of limit cycles from small Hopf-like to
relaxation-type cycles in an exponentially small interval of the system parameter. This
parameter-sensitive behaviour is hard to observe, and the corresponding solutions in
phase space resemble (with a good portion of imagination) the shape of a ‘duck’ which
explains the origin of the nomenclature. Note, this phenomenon is degenerate since
it only exists in one-parameter families of slow-fast vector fields in R2. Furthermore,
it is always associated with a nearby singular Hopf bifurcation, i.e. frequency and
amplitude of the Hopf cycles depend on the singular perturbation parameter ε  1.
A seminal work on van der Pol canards [12] was obtained by Eric Benoˆıt, Jean-Louis
Callot, Francine and Marc Diener through non-standard analysis methods and soon
after similar results were reached using standard matched asymptotics techniques by
Eckhaus [35]. A decade later, further results were obtained using geometric desingu-
larization or blow-up by Dumortier and Roussarie [33], and soon after by Krupa and
Szmolyan [56, 57, 58].
Fortunately, this degenerate situation does not occur in systems with two (or
more) slow variables where canards are generic, i.e. their existence is insensitive to
small parameter perturbations. Benoˆıt [11] was the first to study generic canards
in R3. He also observed how a certain class of generic canards (known as canards
of folded node type) cause unexpected rotational properties of nearby solutions. Ex-
tending geometric singular perturbation theory to canard problems in R3, Szmolyan
and Wechselberger [74] provided a detailed geometric study of generic canards. In
particular, Wechselberger [83] then showed that rotational properties of folded node
type canards are related to a complex local geometry of invariant manifolds near these
canards and associated bifurcations of these canards. Coupling this local canard struc-
ture with a global return mechanism can explain complex oscillatory patterns known
as mixed-mode oscillations (MMOs); see, e.g., [83, 18, 29]. This is closely related
to canards of folded node and folded saddle-node type. Firing threshold manifolds
or, more broadly, transient separatrices in slowly modulated excitable systems form
another important class of applications [87, 86] which is a different type of canard
mechanism which includes folded saddle canards.
A necessary (but not sufficient) condition for canards is the crossing of a real
eigenvalue in the point spectrum of S which leads geometrically to a folded critical
manifold. Another important singular perturbation phenomenon is the delayed loss
of stability through a Hopf bifurcation [65, 66, 46] associated with the crossing of
a complex conjugate pair of eigenvalues in the spectrum of S. We note that this
phenomenon refers to a Hopf bifurcation in the layer problem which is, in general,
different to a singular Hopf bifurcation in the full system (1.1) with 0 < ε 1, as the
two bifurcations are not necessarily related. A prime application of this phenomenon
is associated with elliptic bursters in neurons, see for instance [52].
Canard theory has been extended to arbitrary finite dimensions in [84], i.e. di-
mensional restrictions on the slow variable subspace are not necessary to study these
problems. Slow-fast theory for ODEs plays also an important role in the construction
of heterogeneous (and possibly relative) equilibria in PDEs posed on the real line.
This construction relies on a spatial-dynamic ODE formulation [70]: stationary states
and travelling waves are identified with homo- or hetero-clinic connections of an ODE
in the spatial variable, which may exhibit spatial-scale separation. These global orbits
may display canard segments, and can be constructed using GSPT theory for ODEs
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[32, 19, 61, 45, 20, 4, 21].
A further interesting class of intermediate problems between ODEs and the ones
considered here arise when the spatial-dynamical system obtained in travelling waves
problems is itself infinite-dimensional, or does not have an obvious phase space. In
this context, a GSPT may not be readily available, and recent contributions in this
area have been provided by Hupkes and Sandstede for lattice equations [50, 49], and
by Faye and Scheel for nonlocal equations with convolutions [38].
More generally, the literature on infinite-dimensional slow-fast dynamical systems
is less developed than its ODE counterpart. The papers by Bates and Jones [7] and
by Bates, Lu, and Zeng [9], include historical background and references to the state-
of-the-art literature (as of the end of 1980s and 1990s, respectively) on invariant
manifolds for infinite-dimensional systems, including in particular [25, 78, 8, 82, 77,
47]. In addition, Bates, Lou and Zeng [9] provided a seminal contribution for the
persistence of invariant manifolds for problems posed on Banach spaces. The theory
presented therein is general, albeit the derivation of GSPT for infinite-dimensional
equations is problem-dependent (see, for instance, the one derived by Menon and
Haller for the Maxwell-Bloch equations [62]).
The construction of orbits displaying canard segments or delayed bifurcations
in the infinite-dimensional setting remains an open problem, with two important
obstacles: (i) the loss of normal hyperbolicity, and (ii) the connection of slow and
fast orbit segments with the view of obtaining a global, possibly periodic, orbit. The
present paper addresses the former, and provides a general local theory for infinite-
dimensional problems of the following type
(1.2)
u˙ = Lu+R(u, v, µ, ε) := F (u, v, µ, ε)
v˙ = εG(u, v, µ, ε)
where the fast variables u belong to a Banach space X, and the slow variables v to
Rm, for some m ∈ N. The vector µ ∈ Rp, p ∈ N, refers to a set of (possible) aditional
control parameters.2 We say that (3.3) is a system of m-slow, ∞-fast differential
equations.
As we discuss below, systems of the form (1.2) are prevalent in the limited liter-
ature currently available on canards and delayed bifurcations in infinite-dimensional
dynamical systems. The first contribution to this topic was given in the early 1990s
by Su [73], who studied a system of type (1.2) in which the fast variables u = (u1, u2)
evolve according to the FitzHugh–Nagumo model, with diffusivity in the voltage u1,
and diffusionless recovery variable u2, subject to a heterogeneous, slowly-increasing
current with amplitude v. For this setup, Su proved the existence of orbits displaying
a delayed passage through a Hopf bifurcation. Two decades later, de Maesschalck,
Kaper, and Popovic [28] proved existence of trajectories modelled around the canard
phenomenon in the nonlinear example
ε∂tu = ε
µ∂xxu+ V (u, x, t, ε)u, µ > 0,
using the specific scaling in conjunction with the method of lower and upper solutions.
An intuition of this group was to bypass the difficulties associated to the loss of normal
hyperbolicity, by hard-wiring a slow, non-monotonic evolution in the function V , as
opposed to prescribing a coupled dynamic for a slow variable v, as we do here.
2Precise definitions of the infinite dimensional dynamical system under study will be given in
section 3.
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In 2015, Tzou, Ward and Kolokolnikov [76] studied slow passages through a Hopf
bifurcation in a reaction-diffusion PDE with a slowly-varying parameter, using asymp-
totic methods which Bren˜a-Medina, Avitabile, Champneys and Ward concurrently
adopted to investigate slow-fast orbits connecting patterned, metastable states in
plant dynamics [15, 5]. In the same year Chen, Kolokolnikov, Tzou and Gai gave
numerical evidence of slow passages through Turing bifurcations in an advection–
reaction–diffusion equation with slowly-varying paraters subject to noise, with appli-
cations in vegetation patterns [22].
In 2016, Krupa and Touboul studied canards in a delay-differential equation
(DDE) with slowly-varying parameters. This work differs from the other mentioned
in this literature review, because it does not deal with a spatially-extended system,
albeit the fast variable u lives in a Banach space.
In 2017, Avitabile, Desroches and Knobloch introduced canards in spatially ex-
tended systems (termed spatio-temporal canards), producing numerical evidence of
cycles and transients containing canard segments of folded-saddle and folded-node
type. They studied a 2-slow ∞-fast system coupled to a neural-field equation posed
on the real line and on the unit sphere. Analytical predictions for spatio-temporal
canards were derived in a regime where interfacial dynamics provides a dimensionality
reduction of the problem, amenable to standard GSPT analysis.
More recently, in 2018, two papers obtained results similar to the ones in Su [73]
but on different models, and proposing different techniques: Bilinsky and Baer [13]
used a WKB-expansion to study spatially-dependent buffer points (buffer curves)
in heterogeneous reaction-diffusion equations; Kaper and Vo [54] found numerical
evidence of delayed-Hopf bifurcations in several examples of heterogeneously, slowly-
driven reaction-diffusion systems, and give a formal, accurate, asymptotic argument
to compute the associated buffer curves.
The main contribution of this article is the derivation of a local theory for canards
and slow passages through bifurcations in ∞-fast m-slow systems: not only is this a
natural and necessary step for the construction of global orbits, but it is an achievable
target for generic models. A key ingredient of our framework is a centre-manifold
reduction of (1.2), which is an infinite-dimensional system. A general centre-manifold
theory is available (see a recent literature review by Roberts [69]), but has not been
used for infinite-dimensional problems of type (1.1) to overcome the loss of normal
hyperbolicity. We proceed systematically, as follows:
1. The layer problem u˙ = F (u, v, µ, 0) is a differential equation in X, with
parameters in Rm+p. We assume that this system admits a bifurcation of a
steady state u∗ at (v, µ) = (v∗, µ∗). Thus the linear operatorDuF (u∗, v∗, µ∗, 0)
has a non-empty centre spectrum and normal hyperbolicity fails. Note that
u∗ is constant in time, but need not be constant in space (u∗ is be a hetero-
geneous steady state of the layer problem).
2. Under the assumption that DuF has a spectral gap, and its centre spectrum
has finite dimension n ∈ N, we prove the existence of a (µ, ε)-dependent centre
manifold of the original problem (1.2).
3. We perform a centre-manifold reduction: in a neighbourhood of (u∗, v∗, µ∗, 0) ∈
X×Rm+p+1, the m-slow∞-fast system reduces to an m-slow n-fast one. The
latter inherits the slow-fast structure of the former, because our reduction acts
trivially on the slow variables v.
4. We derive a normal form for the reduced system, which still exhibits loss of
normal hyperbolicity at the origin. Existing ODE results can however be used
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to prove the local existence of canards and slow passages through bifurcations.
Centre-manifold theory is at the core of the procedure described above, and our
treatment relies on existing tools on this topic. In particular, we adopt the notation
and formalism developed by Vanderbauwhede and Iooss [78], and expanded in great
detail in a book by Haragus and Iooss [44]. We build our results around the ones
presented in the latter, to which we refer for further reading.
The theory presented here justifies rigorously numerical evidence presented in
recent literature on the subject, and provides new results: we do not assume weak
diffusivity in the linear operators, nor locality of the linear/nonlinear operators, and
we provide theory and numerical examples for generic systems of integro-differential
equations, local- and nonlocal-reaction diffusion problems, and DDEs. The centre-
manifold reduction can be carried out for generic singularities, and this enables us to
present theory for delayed-passages through Turing bifurcations, which had not been
studied analytically before, and are specific to partial differential equations (PDEs).
We aim to present content in a format that is hopefully useful to readers working
in both finite- and infinite-dimensional slow-fast problems, and this impacts on the
material and style of the paper. For instance, centre-manifold reductions for infinite-
dimensional systems rely on checking a series of technical assumptions on the layer
problem, hence we took some measures to make the material self-contained, and
to template our procedure for a relatively large class of problems. We believe that
several applications should be covered by our treatment, or can be derived with minor
modifications. For these reasons we structured the paper as follows: in section 2 we
provide a suite of numerical examples that show canard phenomena and related slow
passage through Hopf and Turing bifurcations in PDEs, DDEs and integro-differential
equations; in section 3 we introduce the notation and functional-analytic setup used
in the following sections; section 4 exposes steps 1–3 of the procedure described above,
for generic m-slow, ∞-fast systems; section 5 describes step 4 in the procedure for
fold, Hopf, and Turing bifurcations in generic systems; in section 6 we go through
several cycles of steps 1–4, showing how they can be used in the concrete applications
presented in section 2; we conclude in section 7.
2. Numerical examples. We provide numerical examples of system of ∞-fast,
m-slow variables to which our analytical framework is applicable. In this section we
discuss evidence obtained for slow passage through saddle-node, Hopf, and Turing
bifurcations in various models. All computations involve numerical bifurcation anal-
ysis of steady states or periodic orbits of the layer problem, and time-stepping of the
full problem. All computations in spatially extended systems are performed using a
MATLAB suite for generic problems developed in [67] (see [2] for a recent tutorial).
Computations for the DDE are performed using DDE-BIFTOOL [37].
2.1. Folded saddle and folded node canards in a neural field model. We
begin with an integro-differential equation from mathematical neuroscience, namely
a neural field model posed on a compact domain Ω ⊂ Rd,
(2.1)
∂tu = −u+
∫
Ω
w( · , y)θ(u(y, t), v1) dρ(y) in Ω× R>0,
v˙1 = ε
(
v2 + c
∫
Ω
θ(u(y, t), v1) dρ(y)
)
in R>0,
v˙2 = ε
(
− v1 + a+ b
∫
Ω
θ(u(y, t), v1) dρ(y)
)
in R>0,
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<latexit sha1 _base64="T1sZPzWsslfJH88+w ywUE83oqqs=">AAAB7HicbVBN S8NAEJ3Ur1q/qh69LFbBi2Hbg h+3ghePFUxbaEPZbDft0s0m7G6 EEvobvHhQxKs/yJv/xiQNotYH A4/3ZpiZ50WCa4Pxp1VaWV1b3y hvVra2d3b3qvsHHR3GijKHhiJ UPY9oJrhkjuFGsF6kGAk8wbre9 Cbzuw9MaR7KezOLmBuQseQ+p8 SkknOO7QYeVmvYxjnQMqkXpAY F2sPqx2AU0jhg0lBBtO7XcWTch CjDqWDzyiDWLCJ0Ssasn1JJAq bdJD92jk5TZYT8UKUlDcrVnxMJ CbSeBV7aGRAz0X+9TPzP68fGv 3ITLqPYMEkXi/xYIBOi7HM04op RI2YpIVTx9FZEJ0QRatJ8KnkI 1xkuvl9eJp2GXW/azTtca50Uc ZThCI7hDOpwCS24hTY4QIHDIzz DiyWtJ+vVelu0lqxi5hB+wXr/ Ajubja4=</latexit>
0.25
<latexit sha1_base64="Pixw QqwOS16N0xw1jJSYc+LyNvw=">AAAB63icbVDLSsNAFL2pr1pfV ZduBqvgKiQtvnYFNy4r2Ae0oUymk3bozCTMTIQS+gtuXCji1h9y 59+YpEHUeuDC4Zx7ufceP+JMG8f5tEorq2vrG+XNytb2zu5edf +go8NYEdomIQ9Vz8eaciZp2zDDaS9SFAuf064/vcn87gNVmoXy3 swi6gk8lixgBJtMcuz6+bBac2wnB1ombkFqUKA1rH4MRiGJBZWG cKx133Ui4yVYGUY4nVcGsaYRJlM8pv2USiyo9pL81jk6TZURCkK VljQoV39OJFhoPRN+2imwmei/Xib+5/VjE1x5CZNRbKgki0VBzJ EJUfY4GjFFieGzlGCiWHorIhOsMDFpPJU8hOsMF98vL5NO3XYbd uPOqTVPijjKcATHcAYuXEITbqEFbSAwgUd4hhdLWE/Wq/W2aC1Z xcwh/IL1/gXZTo18</latexit>
18
<latexit sha1_base64="eQO1 pvsfPP4eveNCm3OyPqd3Zog=">AAAB6XicbVBNS8NAEJ3Ur1q/q h69LFbBU0ksaL0VvHisYtpCG8pmu2mXbjZhdyOU0H/gxYMiXv1H 3vw3btIgan0w8Hhvhpl5fsyZ0rb9aZVWVtfWN8qbla3tnd296v 5BR0WJJNQlEY9kz8eKciaoq5nmtBdLikOf064/vc787gOVikXiX s9i6oV4LFjACNZGunOaw2rNrts50DJxClKDAu1h9WMwikgSUqEJ x0r1HTvWXoqlZoTTeWWQKBpjMsVj2jdU4JAqL80vnaNTo4xQEEl TQqNc/TmR4lCpWeibzhDrifrrZeJ/Xj/RQdNLmYgTTQVZLAoSjn SEsrfRiElKNJ8Zgolk5lZEJlhiok04lTyEqwwX3y8vk8553WnUG 7d2rXVSxFGGIziGM3DgElpwA21wgUAAj/AML9bUerJerbdFa8kq Zg7hF6z3LwMjjQw=</latexit>
30
<latexit sha1_base64="t1G4 qZfAheyF/Kyzjt6wRNd/CeE=">AAAB6XicbVBNS8NAEJ2tX7V+V T16WayCp5JY8ONW8OKxirWFNpTNdtMu3WzC7kYoof/AiwdFvPqP vPlv3KRB1Ppg4PHeDDPz/FhwbRznE5WWlldW18rrlY3Nre2d6u 7evY4SRVmbRiJSXZ9oJrhkbcONYN1YMRL6gnX8yVXmdx6Y0jySd 2YaMy8kI8kDTomx0m3DGVRrTt3JgReJW5AaFGgNqh/9YUSTkElD BdG65zqx8VKiDKeCzSr9RLOY0AkZsZ6lkoRMe2l+6QwfW2WIg0j Zkgbn6s+JlIRaT0PfdobEjPVfLxP/83qJCS68lMs4MUzS+aIgEd hEOHsbD7li1IipJYQqbm/FdEwUocaGU8lDuMxw9v3yIrk/rbuNe uPGqTWPijjKcACHcAIunEMTrqEFbaAQwCM8wwuaoCf0it7mrSVU zOzDL6D3L/n+jQY=</latexit>
A
<latexit sha1_base64="636d SFMvAnsFws3mA8OrO9ij4r0=">AAAB6HicbVDJSgNBEK1xjXGLe vTSGAVPYWLA5Rbx4jEBs0AyhJ5OTdKmZ6G7RwhDvsCLB0W8+kne /Bt7JoOo8UHB470qquq5keBK2/antbS8srq2Xtgobm5t7+yW9v bbKowlwxYLRSi7LlUoeIAtzbXAbiSR+q7Ajju5Sf3OA0rFw+BOT yN0fDoKuMcZ1UZqXg9KZbtiZyCLpJqTMuRoDEof/WHIYh8DzQRV qle1I+0kVGrOBM6K/VhhRNmEjrBnaEB9VE6SHTojJ0YZEi+UpgJ NMvXnREJ9paa+azp9qsfqr5eK/3m9WHuXTsKDKNYYsPkiLxZEhy T9mgy5RKbF1BDKJDe3EjamkjJtsilmIVylOP9+eZG0zyrVWqXWt Mv14zyOAhzCEZxCFS6gDrfQgBYwQHiEZ3ix7q0n69V6m7cuWfnM AfyC9f4FoV+M2g==</latexit>
S0
<latexi t sha1_base64 ="3/rnS1lq69 8XzCO0MIUihgg kLeI=">AAAB6n icbVBNS8NAEJ 3Ur1q/qh69LFb BU0ksVL0VvHis 1H5AG8tmu2mXb jZhdyOU0J/gx YMiXv1F3vw3bt Igan0w8Hhvhpl 5XsSZ0rb9aRV WVtfWN4qbpa3t nd298v5BR4WxJ LRNQh7KnocV5U zQtmaa014kKQ 48Trve9Dr1uw9 UKhaKOz2LqBvg sWA+I1gbqdW6 t4flil21M6Bl4 uSkAjmaw/LHYB SSOKBCE46V6jt 2pN0ES80Ip/P SIFY0wmSKx7Rv qMABVW6SnTpHp 0YZIT+UpoRGm fpzIsGBUrPAM5 0B1hP110vF/7x +rP1LN2EiijUV ZLHIjznSIUr/ RiMmKdF8Zggmk plbEZlgiYk26Z SyEK5S1L9fXi ad86pTq9Zu7Ur jJI+jCEdwDGfg wAU04Aaa0AYCY 3iEZ3ixuPVkv Vpvi9aClc8cwi 9Y71/evI2O</l atexit>
v1
<latexit sha1 _base64="Blso4oWOfl4PfnVlX SVIl41WwOQ=">AAAB6nicbVBN S8NAEJ3Ur1q/qh69LFbBU0ks+ HErePFY0bSFNpTNdtMu3WzC7qZ QQn+CFw+KePUXefPfuEmDqPXB wOO9GWbm+TFnStv2p1VaWV1b3y hvVra2d3b3qvsHbRUlklCXRDy SXR8rypmgrmaa024sKQ59Tjv+5 CbzO1MqFYvEg57F1AvxSLCAEa yNdD8dOINqza7bOdAycQpSgwK tQfWjP4xIElKhCcdK9Rw71l6Kp WaE03mlnygaYzLBI9ozVOCQKi /NT52jU6MMURBJU0KjXP05keJQ qVnom84Q67H662Xif14v0cGVl zIRJ5oKslgUJBzpCGV/oyGTlGg +MwQTycytiIyxxESbdCp5CNcZ Lr5fXibt87rTqDfu7FrzpIijD EdwDGfgwCU04RZa4AKBETzCM7x Y3HqyXq23RWvJKmYO4Res9y8X Jo2z</latexit>
S0
<latexit sha1 _base64="3/rnS1lq698XzCO0M IUihggkLeI=">AAAB6nicbVBN S8NAEJ3Ur1q/qh69LFbBU0ksV L0VvHis1H5AG8tmu2mXbjZhdyO U0J/gxYMiXv1F3vw3btIgan0w 8Hhvhpl5XsSZ0rb9aRVWVtfWN4 qbpa3tnd298v5BR4WxJLRNQh7 KnocV5UzQtmaa014kKQ48Trve9 Dr1uw9UKhaKOz2LqBvgsWA+I1 gbqdW6t4flil21M6Bl4uSkAjm aw/LHYBSSOKBCE46V6jt2pN0ES 80Ip/PSIFY0wmSKx7RvqMABVW 6SnTpHp0YZIT+UpoRGmfpzIsGB UrPAM50B1hP110vF/7x+rP1LN 2EiijUVZLHIjznSIUr/RiMmKdF 8ZggmkplbEZlgiYk26ZSyEK5S 1L9fXiad86pTq9Zu7UrjJI+jC EdwDGfgwAU04Aaa0AYCY3iEZ3i xuPVkvVpvi9aClc8cwi9Y71/e vI2O</latexit>
0.25
<latexi t sha1_base64 ="PixwQqwOS1 6N0xw1jJSYc+L yNvw=">AAAB63 icbVDLSsNAFL 2pr1pfVZduBqv gKiQtvnYFNy4r 2Ae0oUymk3boz CTMTIQS+gtuX Cji1h9y59+YpE HUeuDC4Zx7ufc eP+JMG8f5tEo rq2vrG+XNytb2 zu5edf+go8NYE domIQ9Vz8eaci Zp2zDDaS9SFA uf064/vcn87gN VmoXy3swi6gk8 lixgBJtMcuz6 +bBac2wnB1omb kFqUKA1rH4MRi GJBZWGcKx133U i4yVYGUY4nVc GsaYRJlM8pv2U Siyo9pL81jk6T ZURCkKVljQoV 39OJFhoPRN+2i mwmei/Xib+5/V jE1x5CZNRbKgk i0VBzJEJUfY4 GjFFieGzlGCiW HorIhOsMDFpPJ U8hOsMF98vL5 NO3XYbduPOqTV PijjKcATHcAYu XEITbqEFbSAwg Ud4hhdLWE/Wq /W2aC1Zxcwh/I L1/gXZTo18</l atexit>
0.70
<latexit sha1 _base64="pG2BQt5LgEzL5IlHy o02FAxyap4=">AAAB63icbVBN S8NAEJ34WetX1aOXxSp4ClsLV m8FLx4r2A9oQ9lsN+3S3U3Y3Qg l9C948aCIV/+QN/+NSRpErQ8G Hu/NMDPPjwQ3FuNPZ2V1bX1js7 RV3t7Z3duvHBx2TBhryto0FKH u+cQwwRVrW24F60WaEekL1vWnN 5nffWDa8FDd21nEPEnGigecEp tJ2G3gYaWKXZwDLZNaQapQoDW sfAxGIY0lU5YKYky/hiPrJURbT gWblwexYRGhUzJm/ZQqIpnxkv zWOTpLlREKQp2WsihXf04kRBoz k37aKYmdmL9eJv7n9WMbXHkJV 1FsmaKLRUEskA1R9jgacc2oFbO UEKp5eiuiE6IJtWk85TyE6wyX 3y8vk86FW6u79TtcbZ4WcZTgG E7gHGrQgCbcQgvaQGECj/AML45 0npxX523RuuIUM0fwC877F9lT jXw=</latexit>  26.4
<latexit sha1 _base64="ggGWqFKEKUCf61t6F e8+xb9XlwE=">AAAB7HicbVBN S8NAEJ3Ur1q/qh69LFbBiyFpp eqt4MVjBdMW2lA22027dLMJuxu hhP4GLx4U8eoP8ua/MUmDqPXB wOO9GWbmeRFnSlvWp1FaWV1b3y hvVra2d3b3qvsHHRXGklCHhDy UPQ8rypmgjmaa014kKQ48Trve9 Cbzuw9UKhaKez2LqBvgsWA+I1 inknNeb5oXw2rNMq0caJnYBal Bgfaw+jEYhSQOqNCEY6X6thVpN 8FSM8LpvDKIFY0wmeIx7adU4I AqN8mPnaPTVBkhP5RpCY1y9edE ggOlZoGXdgZYT9RfLxP/8/qx9 q/chIko1lSQxSI/5kiHKPscjZi kRPNZSjCRLL0VkQmWmOg0n0oe wnWG5vfLy6RTN+2G2bizaq2TI o4yHMExnIENl9CCW2iDAwQYPMI zvBjCeDJejbdFa8koZg7hF4z3 L0rVjbg=</latexit>
v2
<latexit sha1 _base64="BHmRRxcyD8FsHwlZC zoZeFESBBI=">AAAB6nicbVBN S8NAEJ3Ur1q/qh69LFbBU0laq HorePFY0X5AG8pmu2mXbjZhd1M ooT/BiwdFvPqLvPlv3KRB1Ppg 4PHeDDPzvIgzpW370yqsrW9sbh W3Szu7e/sH5cOjjgpjSWibhDy UPQ8rypmgbc00p71IUhx4nHa96 U3qd2dUKhaKBz2PqBvgsWA+I1 gb6X42rA3LFbtqZ0CrxMlJBXK 0huWPwSgkcUCFJhwr1XfsSLsJl poRThelQaxohMkUj2nfUIEDqt wkO3WBzo0yQn4oTQmNMvXnRIID peaBZzoDrCfqr5eK/3n9WPtXb sJEFGsqyHKRH3OkQ5T+jUZMUqL 53BBMJDO3IjLBEhNt0illIVyn aHy/vEo6tapTr9bv7ErzLI+jC CdwChfgwCU04RZa0AYCY3iEZ3i xuPVkvVpvy9aClc8cwy9Y718Y qo20</latexit>
 25.2
<latexit sha1_base64="aGn6 7NhryGQPq07BWC0LyBy9hzI=">AAAB7HicbVBNS8NAEJ34WetX1 aOXxSp4MSQtft0KXjxWMG2hDWWz3bRLN5uwuxFK6W/w4kERr/4g b/4bN2kQtT4YeLw3w8y8IOFMacf5tJaWV1bX1ksb5c2t7Z3dyt 5+S8WpJNQjMY9lJ8CKciaop5nmtJNIiqOA03Ywvsn89gOVisXiX k8S6kd4KFjICNZG8s5q53atX6k6tpMDLRK3IFUo0OxXPnqDmKQR FZpwrFTXdRLtT7HUjHA6K/dSRRNMxnhIu4YKHFHlT/NjZ+jEKAM UxtKU0ChXf05McaTUJApMZ4T1SP31MvE/r5vq8MqfMpGkmgoyXx SmHOkYZZ+jAZOUaD4xBBPJzK2IjLDERJt8ynkI1xkuvl9eJK2a7 dbt+p1TbRwXcZTgEI7gFFy4hAbcQhM8IMDgEZ7hxRLWk/Vqvc1b l6xi5gB+wXr/AkZHjbU=</latexit>
20
<latexit sha1_base64="dOri CudliS49xWhyd1JKHfBohts=">AAAB6XicbVBNS8NAEJ3Ur1q/q h69LFbBU0la8ONW8OKximkLbSib7aZdutmE3Y1QQv+BFw+KePUf efPfuEmDqPXBwOO9GWbm+TFnStv2p1VaWV1b3yhvVra2d3b3qv sHHRUlklCXRDySPR8rypmgrmaa014sKQ59Trv+9Drzuw9UKhaJe z2LqRfisWABI1gb6a5hD6s1u27nQMvEKUgNCrSH1Y/BKCJJSIUm HCvVd+xYeymWmhFO55VBomiMyRSPad9QgUOqvDS/dI5OjTJCQSR NCY1y9edEikOlZqFvOkOsJ+qvl4n/ef1EB5deykScaCrIYlGQcK QjlL2NRkxSovnMEEwkM7ciMsESE23CqeQhXGU4/355mXQadadZb 97atdZJEUcZjuAYzsCBC2jBDbTBBQIBPMIzvFhT68l6td4WrSWr mDmEX7DevwD4eY0F</latexit>
30
<latexit sha1_base64="t1G4 qZfAheyF/Kyzjt6wRNd/CeE=">AAAB6XicbVBNS8NAEJ2tX7V+V T16WayCp5JY8ONW8OKxirWFNpTNdtMu3WzC7kYoof/AiwdFvPqP vPlv3KRB1Ppg4PHeDDPz/FhwbRznE5WWlldW18rrlY3Nre2d6u 7evY4SRVmbRiJSXZ9oJrhkbcONYN1YMRL6gnX8yVXmdx6Y0jySd 2YaMy8kI8kDTomx0m3DGVRrTt3JgReJW5AaFGgNqh/9YUSTkElD BdG65zqx8VKiDKeCzSr9RLOY0AkZsZ6lkoRMe2l+6QwfW2WIg0j Zkgbn6s+JlIRaT0PfdobEjPVfLxP/83qJCS68lMs4MUzS+aIgEd hEOHsbD7li1IipJYQqbm/FdEwUocaGU8lDuMxw9v3yIrk/rbuNe uPGqTWPijjKcACHcAIunEMTrqEFbaAQwCM8wwuaoCf0it7mrSVU zOzDL6D3L/n+jQY=</latexit>
A
<latexit sha1_base64="636d SFMvAnsFws3mA8OrO9ij4r0=">AAAB6HicbVDJSgNBEK1xjXGLe vTSGAVPYWLA5Rbx4jEBs0AyhJ5OTdKmZ6G7RwhDvsCLB0W8+kne /Bt7JoOo8UHB470qquq5keBK2/antbS8srq2Xtgobm5t7+yW9v bbKowlwxYLRSi7LlUoeIAtzbXAbiSR+q7Ajju5Sf3OA0rFw+BOT yN0fDoKuMcZ1UZqXg9KZbtiZyCLpJqTMuRoDEof/WHIYh8DzQRV qle1I+0kVGrOBM6K/VhhRNmEjrBnaEB9VE6SHTojJ0YZEi+UpgJ NMvXnREJ9paa+azp9qsfqr5eK/3m9WHuXTsKDKNYYsPkiLxZEhy T9mgy5RKbF1BDKJDe3EjamkjJtsilmIVylOP9+eZG0zyrVWqXWt Mv14zyOAhzCEZxCFS6gDrfQgBYwQHiEZ3ix7q0n69V6m7cuWfnM AfyC9f4FoV+M2g==</latexit>
 100
<latexit sha1_base64="5f3n eIxO1jP7+lGyJiZCuUkzZxo=">AAAB63icbVBNS8NAEJ3Ur1q/q h69LFbBi2VjwY9bwYvHCtYW2lA22027dHcTdjdCCf0LXjwo4tU/ 5M1/Y5IGUeuDgcd7M8zM8yPBjcX40yktLa+srpXXKxubW9s71d 29exPGmrI2DUWouz4xTHDF2pZbwbqRZkT6gnX8yXXmdx6YNjxUd 3YaMU+SkeIBp8Rm0qmL8aBaw3WcAy0StyA1KNAaVD/6w5DGkilL BTGm5+LIegnRllPBZpV+bFhE6ISMWC+likhmvCS/dYaOU2WIglC npSzK1Z8TCZHGTKWfdkpix+avl4n/eb3YBpdewlUUW6bofFEQC2 RDlD2OhlwzasU0JYRqnt6K6JhoQm0aTyUP4SrD+ffLi+T+rO426 o1bXGseFXGU4QAO4QRcuIAm3EAL2kBhDI/wDC+OdJ6cV+dt3lpy ipl9+AXn/QvOrY11</latexit>
A(t)
<latexit sha1_base64="qzZR kBkbLaMl1jR8UBnRxHX53o8=">AAAB63icbVBNS8NAEJ34WetX1 aOXxSrUS0kt+HGrePFYwX5AG8pmu2mX7iZhdyKU0L/gxYMiXv1D 3vw3JmkQtT4YeLw3w8w8N5TCoG1/WkvLK6tr64WN4ubW9s5uaW +/bYJIM95igQx016WGS+HzFgqUvBtqTpUreced3KR+54FrIwL/H qchdxQd+cITjGIqXVfwdFAq21U7A1kktZyUIUdzUProDwMWKe4j k9SYXs0O0YmpRsEknxX7keEhZRM64r2E+lRx48TZrTNykihD4gU 6KR9Jpv6ciKkyZqrcpFNRHJu/Xir+5/Ui9C6dWPhhhNxn80VeJA kGJH2cDIXmDOU0IZRpkdxK2JhqyjCJp5iFcJXi/PvlRdI+q9bq1 fqdXW4c53EU4BCOoAI1uIAG3EITWsBgDI/wDC+Wsp6sV+tt3rpk 5TMH8AvW+xc8So29</latexit>
 A(t)
<latexit sha1_base64="YoEJ HAgYZBEhgazeLQA+Z0gwCyA=">AAAB7HicbVBNS8NAEN3Ur1q/q h69LFahHiyJBT9uFS8eK5i20Iay2W7bpZtN2J0IJfQ3ePGgiFd/ kDf/jZs0iFofDDzem2Fmnh8JrsG2P63C0vLK6lpxvbSxubW9U9 7da+kwVpS5NBSh6vhEM8Elc4GDYJ1IMRL4grX9yU3qtx+Y0jyU9 zCNmBeQkeRDTgkYyT29rsJJv1yxa3YGvEicnFRQjma//NEbhDQO mAQqiNZdx47AS4gCTgWblXqxZhGhEzJiXUMlCZj2kuzYGT42ygA PQ2VKAs7UnxMJCbSeBr7pDAiM9V8vFf/zujEML72EyygGJul80T AWGEKcfo4HXDEKYmoIoYqbWzEdE0UomHxKWQhXKc6/X14krbOaU 6/V7+xK4yiPo4gO0CGqIgddoAa6RU3kIoo4ekTP6MWS1pP1ar3N WwtWPrOPfsF6/wKmHI30</latexit>
x
<latexit sha1_base64="uS1P I/P/6+ZKdaVOEEa4wfCDanM=">AAAB6HicbVDJSgNBEK1xjXGLe vTSGAVPYWLA5Rbw4jEBs0AyhJ5OTdKmZ6G7RwxDvsCLB0W8+kne /Bt7JoOo8UHB470qquq5keBK2/antbS8srq2Xtgobm5t7+yW9v bbKowlwxYLRSi7LlUoeIAtzbXAbiSR+q7Ajju5Tv3OPUrFw+BWT yN0fDoKuMcZ1UZqPgxKZbtiZyCLpJqTMuRoDEof/WHIYh8DzQRV qle1I+0kVGrOBM6K/VhhRNmEjrBnaEB9VE6SHTojJ0YZEi+UpgJ NMvXnREJ9paa+azp9qsfqr5eK/3m9WHuXTsKDKNYYsPkiLxZEhy T9mgy5RKbF1BDKJDe3EjamkjJtsilmIVylOP9+eZG0zyrVWqXWt Mv14zyOAhzCEZxCFS6gDjfQgBYwQHiEZ3ix7qwn69V6m7cuWfnM AfyC9f4F9LuNEQ==</latexit> 100
<latexit sha1_base64="jxK+ pZpS8v8B7OLM4/Ay89BZpbQ=">AAAB6nicbVBNS8NAEJ3Ur1q/q h69LFbBU9lY8ONW8OKxorWFNpTNdtMu3WzC7kYooT/BiwdFvPqL vPlv3KRB1Ppg4PHeDDPz/FhwbTD+dEpLyyura+X1ysbm1vZOdX fvXkeJoqxNIxGprk80E1yytuFGsG6sGAl9wTr+5CrzOw9MaR7JO zONmReSkeQBp8RY6dbFeFCt4TrOgRaJW5AaFGgNqh/9YUSTkElD BdG65+LYeClRhlPBZpV+ollM6ISMWM9SSUKmvTQ/dYaOrTJEQaR sSYNy9edESkKtp6FvO0Nixvqvl4n/eb3EBBdeymWcGCbpfFGQCG QilP2NhlwxasTUEkIVt7ciOiaKUGPTqeQhXGY4+355kdyf1t1Gv XGDa82jIo4yHMAhnIAL59CEa2hBGyiM4BGe4cURzpPz6rzNW0tO MbMPv+C8fwFlCo0+</latexit>
t
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Fig. 2.1. Examples of spatio-temporal canards in (2.1). (a) Periodic orbit containing a folded-
saddle canard segment obtained with θ = θs, w(x, y) = κ1 exp(−|x − y|)(κ2 + κ3 cos(y/κ4)), Ω =
R/2lZ, l = 100, a = 0.5, b = c = 0, κ1 = 0.5, κ2 = 1, κ3 = 0.5, κ4 = 1, µ = 50. Left:
orbit in the (A, v1, v2)-space, with A defined in (2.2), superimposed on the critical manifold S0
of the fast subsystem associated to (2.1) in the variables (A, v1, v2). Right: corresponding spatio-
temporal solution, in which the level sets are shown for illustrative purposes. (b) Examples of an
orbit containing a folded-node canard segment, obtained from the example in (a) by setting a = c = 1,
b = 0. Adapted from [3].
where θ model a firing rate function and w the synaptic connections (see [26] for a
recent review on neural fields). The firing rate function is commonly modeled via a
sigmoidal or a Heaviside function
θs(u, h) =
1
1 + exp(−µ(u− h)) , θH(u, h) = H(u− h).
In contrast to standard neural field models, the firing-rate threshold v1 oscillates
slowly and harmonically in time if b = c = 0, and its evolution is coupled to the fast
neural field activity variable u if b or c are nonzero.
In [3], spatio-temporal canards were introduced and analysed using interfacial
dynamics, valid in the case of Heaviside firing rate θH posed on one-dimensional
domains. If Ω ⊂ R and θ = θH , one can construct even solutions u(x, t) = u(−x, t)
from of their v1-level set on R≥0,
(2.2) A(t) = {x ∈ R≥0 : u(x, t) = v1(t)}.
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Fig. 2.2. Example of solutions containing spatio-temporal canards of folded-saddle type for the
neural field (2.1) posed on Ω = S2. Left bifurcation diagram of the fast subsystem. Centre: trajectory
of the model with ε 1, near a fold of the fast subsystem. Right: exemplary patterns. We refer the
reader to [3], from where this figure is adapted, for details about parameters and computations.
If the v1-level set has a single connected component, then A(t) is a scalar function,
and an exact evolution equation in the variable (A, v1, v2) ∈ R3 can be derived for the
model and studied using GSPT for ODEs. Solutions (A(t), v1(t), v2(t)), with canard
segments correspond spatio-temporal canards of the original model.
In the present paper we study the case θ = θs, on generic domains Ω for which we
report numerical simulations adapted from [3] in Figures 2.1 and 2.2: spatio-temporal
canards of folded-saddle and folded-node type are predicted from the theory, are found
numerically with a sigmoidal firing rate (Figure 2.1), and they also persist in higher
spatial dimensions, where the theory does not apply (Figure 2.2). In the present paper
we will introduce a rigorous treatment of this problem, valid for generic firing rates,
kernels, and domains.
The functional setting for this problem will be the Banach space of continuous,
real-valued functions defined on Ω. The theory developed in the following sections is
also applicable to the Swift–Hohemberg equation subject to slow parameter variation,
as studied in [40], albeit a natural functional setting for this problem requires Hilbert
spaces. We shall give below several examples for problems on Hilbert spaces.
2.2. Slow passage through a Hopf bifurcations in PDEs and DDEs. A
second class of examples pertains slow passages through Hopf bifurcations in infinite-
dimensional systems. A first numerical example is given by the following reaction-
diffusion PDE with slowly-varying parameters:
(2.3)
∂tu1 = d1∂
2
xu1 + u1 − u31/3− u2 + v in (0, 2pi)× R>0,
∂tu2 = u1 + c− bu2 in (0, 2pi)× R>0,
v˙ = ε in R>0,
subject to periodic boundary conditions
u1(0, t) = u1(2pi, t), u2(0, t) = u2(2pi, t), t ∈ R>0,
where v plays the role of an external current. In this case we will show that the fast
subsystem admits a homogeneous steady state undergoing a Hopf bifurcation, and
will apply our theory to conclude that system (2.3) displays slow passage through a
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Fig. 4.1. Two examples depicting the destabilisation of a TW 3 state. The initial network state
are the wave profiles corresponding to solutions ofProblem 3.9for m= 3 at (a)= 1 7and( b)
= 1 7. 5.P armetrsasinT able2.1, d omainh alf-
widthL= 4 andn etworks izen =1 00. T hefiring functions {⌧ j } are plotted for reference. Perturbations of the type˜⌧ j (x) = ⌧j (x) + "g j (x) grow
as time increases, and lead to the destabilisation of the firing pattern into a stable (a) TW 2 and (b)
TW 1.
points {⇠k } . In passing, we note that this procedure is much cheaper than a standard
travelling wave computation for PDEs, which requires the solution of a boundary!
value problem, and hence a discretisation of di↵erential operators onR. Depndig
on the particular choice of↵ andw, the profile⌫ m is either written in closed form, as
is the case for the choices(2.3) , or approximated using standard quadrature rules.
A concrete calculation is presented inFigure 3.1, where weshowtravelingwave
profiles and speeds of a TW5 and a TW20. In passing, we note that the synaptic
profile of a TWm at a given time is similar to a bump, but displays modulations at
the core (visible inFigure 3.1), as predicted by the Heaviside switches in(3.11) .
Remark 3.10.Figure 3.1shows that profiles with⌫ m (cTj ) = 1 propagate with
positive speed, and this does not contradict the numerical simulations inFigure 2.2,
where solutions profiles withv m (x,⌧j (x) ) = 1 propagate withnegative speed. This
is a consequence of choosing⇠ =ctx ( asi n[ 23] ),h encei nitialc onditionsf ort het ime
simulations are obtained by reflecting⌫m about they axis, sincev m (x, 0) =⌫m (x ).
4. Wave Stability.
DA: There is an important aspect to discuss here. So far we have requestedw to be even
and such that
R1
1 |w(y)|e⌘ydy <1 . It bothers me a bit thatw has to be even, as
this theory should work for all sucientlyf astd ecayingw( eveno rn ot).I to ccurst o
me that the only place where we now use the fact thatw is even isEquation (4.5) .
If that is true we can remove from the hypothesis the evenness ofw , and require thatR1
1 |w(y)|e⌘| y| dy <1 , that use use a slightly di↵erently weighted function space. This
would make the proof work, but we have to be sure that we don’t use evenness else-
where. What do you think? Do you think we use it inProposition 3.8 , perhaps?
Lemma 4.1(Linearisation of the voltage mapping).Assume Hypothesis3.1, and
let (c, T ) be the coarse variables of a TWm with firing functions⌧. Further, letL be
v
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<latexi t sha1_base64 ="I1lbjYsdU0 ip0atB/WkTMz7 mDeM=">AAAC0X icbZHLTuswEI bdAAcIh8NtySa iIJ1VlZQFLJHY sKq4BSqaqnKcK Vj4EtkOqIoiI bZs4WV4E94Gp3 RBDCNZ+vV/M+O xJ80Z1SYMP1r e3PzCn8WlZX/l 7+q/tfWNzSstC 0UgJpJJ1U+xBk YFxIYaBv1cAe Ypg+v0/rjm1w+ gNJXi0kxyGHJ8 K+iYEmysddYd rbfDTjiN4KeIZ qKNZnE62mi9J5 kkBQdhCMNaD6I wN8MSK0MJg8p PCg05Jvf4FgZW CsxBD8vppFWwZ 50sGEtljzDB1 P1eUWKu9YSnNp Njc6ddVpu/sUF hxofDkoq8MCDI 10XjggVGBvWz g4wqIIZNrMBEU TtrQO6wwsTYz/ H3klSyrO7qJw IeieQci6xM+hd gqjKpQZqW/apy sHD4qOdkxI2E2 G1w3sDnLu41c M/FNw1842LIta UPWFlBmRSV79t tR+5uf4qrbif a73TPuu2j3dne l9A22kH/UYQO0 BE6QacoRgQBek Gv6M278Cbek/ f8leq1ZjVbqBH eyycKJeiH</la texit>
u1
<latexi t sha1_base64 ="hG+XMyL22I xD/ggu1/les7/ lZWU=">AAAC03 icbZHNTtwwEM e9KZ8p3z1WlSK 2SJxWCRzgBhIX 1MOKQgMrNquV4 8wuFv6IbAe0i nKpeuVa3oU36T P0ATi2zi4HYhj J0l//38x47El zRrUJwz8t78Pc /MLi0rL/cWV1b X1jc+tSy0IRiI lkUvVSrIFRAb GhhkEvV4B5yuA qvT2p+dUdKE2l +GEmOQw4Hgs6 ogQba10Uw2i40 Q474TSCtyJ6Ee 2j539/F7/dfzk bbraekkySgoM whGGt+1GYm0GJ laGEQeUnhYYck 1s8hr6VAnPQg 3I6axXsWCcLRl LZI0wwdV9XlJh rPeGpzeTY3GiX 1eZ7rF+Y0eGg pCIvDAgyu2hUs MDIoH54kFEFxL CJFZgoamcNyA 1WmBj7Pf5Okkq W1V39RMA9kZxj kZVJ7wJMVSY1S NOyV1UOFg4fd p2MuJEQuw3OG/ jcxd0G7rr4uoG vXQy5tvQOKys ok6LyfbvtyN3t W3G514n2O3vfw /bxVzSLJfQZba NdFKEDdIxO0R mKEUFj9IB+o0c v9krvp/drluq1 Xmo+oUZ4D/8B a2btcQ==</lat exit>
−8.6
<latexi t sha1_base6 4="GwiV7UIuc mY+4UCuSkPRd Qx8XHc=">AAA C1HicbZHPTttA EMY3hhbq0hbK pVIvVgNSL41s KgG3InHhFAHF ISKOovV6QlbsH 2t3DYqMT4grV 3rvrVJfgMfor a/Qp+g64VAvH WmlT99vZnZ2J 80Z1SYMf7e8hc Vnz5eWX/gvV1 69frO69ranZa EIxEQyqfop1s CogNhQw6CfK8A 8ZXCaXuzX/PQ SlKZSnJhpDkO OzwUdU4JNbX3 a7WyPVtthJ5x F8FREj6L95c+P 7z/f/RodjtZa D0kmScFBGMKw 1oMozM2wxMpQ wqDyk0JDjskF PoeBlQJz0MNyN mwVbFonC8ZS2 SNMMHP/rSgx1 3rKU5vJsZlol 9Xm/9igMOPdYU lFXhgQZH7RuG CBkUH98iCjCo hhUyswUdTOGp AJVpgY+z/+Zp JKltVd/UTAFZG cY5GVSf8rmKp MapCmZb+qHCw cPuo6GXEjIXY bHDfwsYu7Ddx1 8VkDn7kYcm3p JVZWUCZF5ft2 25G726eit9WJ Pne2jsL23gaa xzJ6jz6gjyhCO 2gPHaBDFCOCJ ugO3aNvXs+79 m6823mq13qsW UeN8O7+AuVL7a Y=</latexit>
−7.6
<latexit sha1 _base64="nA05W1s8Wb9Z48AJ8 ScmHaELTng=">AAAC1HicbZHP TttAEMY3hhbq0hbKpVIvVgNSL 41sKgG3InHhFAHFISKOovV6Qlb sH2t3DYqMT4grV3rvrVJfgMfo ra/Qp+g64VAvHWmlT99vZnZ2J8 0Z1SYMf7e8hcVnz5eWX/gvV16 9frO69ranZaEIxEQyqfop1sCog NhQw6CfK8A8ZXCaXuzX/PQSlK ZSnJhpDkOOzwUdU4JNbX3a6Wy PVtthJ5xF8FREj6L95c+P7z/f/ RodjtZaD0kmScFBGMKw1oMozM 2wxMpQwqDyk0JDjskFPoeBlQJz 0MNyNmwVbFonC8ZS2SNMMHP/r Sgx13rKU5vJsZlol9Xm/9igMOP dYUlFXhgQZH7RuGCBkUH98iCj CohhUyswUdTOGpAJVpgY+z/+Z pJKltVd/UTAFZGcY5GVSf8rmKp MapCmZb+qHCwcPuo6GXEjIXYb HDfwsYu7Ddx18VkDn7kYcm3pJV ZWUCZF5ft225G726eit9WJPne 2jsL23gaaxzJ6jz6gjyhCO2gPH aBDFCOCJugO3aNvXs+79m6823 mq13qsWUeN8O7+AuLc7aU=</l atexit>
v
<latexit sha1 _base64="Z14hdsiwQ0ANOW2ui 0N7PHItvD0=">AAAC0XicbZHJ btswEIZppW1cdcl27EWoG6AnQ 0oOyTFALjkZ2WQbtgyDosYJES4 CSTkwBAFBrr6mL9M3yduEcnyo 6A5A4Mf/zQyHnDRnVJswfG15Wx 8+ftpuf/a/fP32fWd3b7+vZaE IxEQyqYYp1sCogNhQw2CYK8A8Z TBIH85rPpiD0lSKW7PIYcLxna AzSrCx1tV8utsJu+Eqgk0RrUU HreNyutf6m2SSFByEIQxrPY7C3 ExKrAwlDCo/KTTkmDzgOxhbKT AHPSlXk1bBoXWyYCaVPcIEK/ff ihJzrRc8tZkcm3vtstr8HxsXZ nY6KanICwOCvF80K1hgZFA/O8i oAmLYwgpMFLWzBuQeK0yM/Rz/ MEkly+qufiLgkUjOscjKZHgDp iqTGqRpOawqBwuHT3tORtxIiN0 G1w187eJeA/dcPGrgkYsh15bO sbKCMikq37fbjtzdbor+UTc67h 5dhZ2zX+u9t9EP9BP9RhE6QWf oAl2iGBEEaIle0B/vxlt4T97ze 6rXWtccoEZ4yzeueejJ</late xit>
0.2
<latexi t sha1_base64 ="iw1y9J2bxR Im3fo+XqOE85g Adxs=">AAAC03 icbZFNT+MwEI bdALsQlqXAkUt EQdpTlZQDHJH2 sqeKr0BFU1WOM y0W/ohsh1UV5 YK4coX/wj/h3+ CUHohhJEuv3md mPPakOaPahOF by1taXvnxc3XN X/+18XuzvbV9p WWhCMREMqkGKd bAqIDYUMNgkC vAPGVwnd79rfn 1PShNpbg0sxxG HE8FnVCCjbUu wm5v3O6E3XAew VcRLUQHLeJ0vN V6TTJJCg7CEIa 1HkZhbkYlVoY SBpWfFBpyTO7w FIZWCsxBj8r5r FVwYJ0smEhlj zDB3P1cUWKu9Y ynNpNjc6tdVpv fsWFhJsejkoq8 MCDIx0WTggVG BvXDg4wqIIbNr MBEUTtrQG6xws TY7/EPklSyrO 7qJwL+E8k5Flm ZDC7AVGVSgzQt B1XlYOHwcd/Ji BsJsdvgvIHPX dxv4L6Lbxr4xs WQa0vvsbKCMik q37fbjtzdfhV XvW502O2dhZ2T /cXeV9Eu2kN/U ISO0An6h05RjA iaoif0jF682C u9B+/xI9VrLWp 2UCO8p3c5xOj3 </latexit>
u1
<latexi t sha1_base64 ="hG+XMyL22I xD/ggu1/les7/ lZWU=">AAAC03 icbZHNTtwwEM e9KZ8p3z1WlSK 2SJxWCRzgBhIX 1MOKQgMrNquV4 8wuFv6IbAe0i nKpeuVa3oU36T P0ATi2zi4HYhj J0l//38x47El zRrUJwz8t78Pc /MLi0rL/cWV1b X1jc+tSy0IRiI lkUvVSrIFRAb GhhkEvV4B5yuA qvT2p+dUdKE2l +GEmOQw4Hgs6 ogQba10Uw2i40 Q474TSCtyJ6Ee 2j539/F7/dfzk bbraekkySgoM whGGt+1GYm0GJ laGEQeUnhYYck 1s8hr6VAnPQg 3I6axXsWCcLRl LZI0wwdV9XlJh rPeGpzeTY3GiX 1eZ7rF+Y0eGg pCIvDAgyu2hUs MDIoH54kFEFxL CJFZgoamcNyA 1WmBj7Pf5Okkq W1V39RMA9kZxj kZVJ7wJMVSY1S NOyV1UOFg4fd p2MuJEQuw3OG/ jcxd0G7rr4uoG vXQy5tvQOKys ok6LyfbvtyN3t W3G514n2O3vfw /bxVzSLJfQZba NdFKEDdIxO0R mKEUFj9IB+o0c v9krvp/drluq1 Xmo+oUZ4D/8B a2btcQ==</lat exit>
u1
<latexit sha1_base64="hG+X MyL22IxD/ggu1/les7/lZWU=">AAAC03icbZHNTtwwEMe9KZ8p3 z1WlSK2SJxWCRzgBhIX1MOKQgMrNquV48wuFv6IbAe0inKpeuVa 3oU36TP0ATi2zi4HYhjJ0l//38x47ElzRrUJwz8t78Pc/MLi0r L/cWV1bX1jc+tSy0IRiIlkUvVSrIFRAbGhhkEvV4B5yuAqvT2p+ dUdKE2l+GEmOQw4Hgs6ogQba10Uw2i40Q474TSCtyJ6Ee2j539/ F7/dfzkbbraekkySgoMwhGGt+1GYm0GJlaGEQeUnhYYck1s8hr6 VAnPQg3I6axXsWCcLRlLZI0wwdV9XlJhrPeGpzeTY3GiX1eZ7rF +Y0eGgpCIvDAgyu2hUsMDIoH54kFEFxLCJFZgoamcNyA1WmBj7P f5OkkqW1V39RMA9kZxjkZVJ7wJMVSY1SNOyV1UOFg4fdp2MuJEQ uw3OG/jcxd0G7rr4uoGvXQy5tvQOKysok6LyfbvtyN3tW3G514 n2O3vfw/bxVzSLJfQZbaNdFKEDdIxO0RmKEUFj9IB+o0cv9krvp /drluq1Xmo+oUZ4D/8Ba2btcQ==</latexit>
−2
<latexit sha1_base64="5VOP R2pCWJhyrH6zXZP2UKU6YXw=">AAAC0nicbZHNTtwwEMe9gbaQf vDRSyUuEVukXrpKtof2VqReOK3oQmDFZrVynAlY+COyHaptlAPq lWv7Ar1V4gX6GL3xCjwFzi4HYjqSpb/+v5nx2JMWjGoThjcdb2 n5ydNnK6v+8xcvX62tb2weaVkqAjGRTKpRijUwKiA21DAYFQowT xkcp+dfGn58AUpTKQ7NrIAJx6eC5pRgY63h+/50vRv2wnkEj0V0 L7qfb//8vn7zb7o/3ej8TTJJSg7CEIa1HkdhYSYVVoYSBrWflBo KTM7xKYytFJiDnlTzUetgxzpZkEtljzDB3H1YUWGu9YynNpNjc6 Zd1pj/Y+PS5J8mFRVFaUCQxUV5yQIjg+bdQUYVEMNmVmCiqJ01I GdYYWLs7/g7SSpZ1nT1EwHfiOQci6xKRgdg6ippQJpWo7p2sHD4 dOBkxK2E2G0wbOGhiwctPHDxSQufuBgKbekFVlZQJkXt+3bbkb vbx+Ko34s+9Ppfw+7uW7SIFbSFttE7FKGPaBftoX0UI4JydIV+o l/eoffdu/R+LFK9zn3Na9QK7+oOl4LtKA==</latexit>
1.5
<latexit sha1_base64="xAE3 aBN5xGD4pn25Dq2r9b9Vnw0=">AAAC03icbZHPTttAEMY3Li3g0 hLKsReLFIlTZIMQHJG4cIoo4CQijqL1ehJW7B9rdw2KLF+qXrnC u/RNeJuukxzqTUda6dP3m5md3UlzRrUJw/eW92Hj46fNrW3/88 6Xr7vtvW99LQtFICaSSTVMsQZGBcSGGgbDXAHmKYNB+nhZ88ETK E2luDPzHMYczwSdUoKNtW6j7umk3Qm74SKCdRGtRAet4nqy1/qT ZJIUHIQhDGs9isLcjEusDCUMKj8pNOSYPOIZjKwUmIMel4tZq+D QOlkwlcoeYYKF+29FibnWc57aTI7Ng3ZZbf6PjQozPR+XVOSFAU GWF00LFhgZ1A8PMqqAGDa3AhNF7awBecAKE2O/xz9MUsmyuqufC HgmknMssjIZ3oKpyqQGaVoOq8rBwuGTnpMRNxJit8FNA9+4uNfA PRffN/C9iyHXlj5hZQVlUlS+b7cdubtdF/3jbnTSPf4Zdi5+rP a+hb6jA3SEInSGLtAVukYxImiGXtArevNir/R+eb+XqV5rVbOPG uG9/AVDeuj7</latexit>
−12
<latexit sha1_base64="TmpP 3G3NcGNDDK7uPLnAUNqXNXQ=">AAAC03icbZG9btswEMdptfmo0 ny1S4EuQtwAWWJIzpBsCZClk5EmVWLEMgyKOjuE+SGQVAJD0FJ0 zdo+QLcCfYE+Rre+Qp+ilJ0hYnIAgT/+v7vjkZfmjGoThn9b3o uXS8srq6/8tdfrG5tb228utSwUgZhIJlU/xRoYFRAbahj0cwWYp wyu0ulpza9uQWkqxWczy2HI8UTQMSXYWOtiP+qOttphJ5xH8FRE D6J9/O/nj1/v/ozORtut30kmScFBGMKw1oMozM2wxMpQwqDyk0J DjskUT2BgpcAc9LCcz1oFu9bJgrFU9ggTzN3HFSXmWs94ajM5Nj faZbX5HBsUZnw0LKnICwOCLC4aFywwMqgfHmRUATFsZgUmitpZA 3KDFSbGfo+/m6SSZXVXPxFwRyTnWGRl0r8AU5VJDdK07FeVg4XD Rz0nI24kxG6D8wY+d3GvgXsuvm7gaxdDri29xcoKyqSofN9uO3 J3+1RcdjvRQaf7KWyffECLWEXv0Q7aQxE6RCfoIzpDMSJogu7RN /Tdi73S++J9XaR6rYeat6gR3v1/NJvtYw==</latexit>
−2
<latexit sha1_base64="5VOP R2pCWJhyrH6zXZP2UKU6YXw=">AAAC0nicbZHNTtwwEMe9gbaQf vDRSyUuEVukXrpKtof2VqReOK3oQmDFZrVynAlY+COyHaptlAPq lWv7Ar1V4gX6GL3xCjwFzi4HYjqSpb/+v5nx2JMWjGoThjcdb2 n5ydNnK6v+8xcvX62tb2weaVkqAjGRTKpRijUwKiA21DAYFQowT xkcp+dfGn58AUpTKQ7NrIAJx6eC5pRgY63h+/50vRv2wnkEj0V0 L7qfb//8vn7zb7o/3ej8TTJJSg7CEIa1HkdhYSYVVoYSBrWflBo KTM7xKYytFJiDnlTzUetgxzpZkEtljzDB3H1YUWGu9YynNpNjc6 Zd1pj/Y+PS5J8mFRVFaUCQxUV5yQIjg+bdQUYVEMNmVmCiqJ01I GdYYWLs7/g7SSpZ1nT1EwHfiOQci6xKRgdg6ippQJpWo7p2sHD4 dOBkxK2E2G0wbOGhiwctPHDxSQufuBgKbekFVlZQJkXt+3bbkb vbx+Ko34s+9Ppfw+7uW7SIFbSFttE7FKGPaBftoX0UI4JydIV+o l/eoffdu/R+LFK9zn3Na9QK7+oOl4LtKA==</latexit>
u2
<latexit sha1_base64="AvRO 4iYDlRyas6Xfd/3WdLvwDT0=">AAAC03icbZHNTttAEMc37gfgf kE5VkhWU6SeIjs9wI1IXCoOEQUMEXEUrdeTsGI/rN01UWT5UnHl St+lb8Iz8AAcYZ1wqJeOtNJf/9/M7OxOmjOqTRjetbxXr9+8XV ld89+9//Dx0/rG51MtC0UgJpJJNUixBkYFxIYaBoNcAeYpg7P0c r/mZ1egNJXixMxzGHE8FXRCCTbWOi7G3fF6O+yEiwheiuhZtPce Hu9XDmZbh+ON1t8kk6TgIAxhWOthFOZmVGJlKGFQ+UmhIcfkEk9 haKXAHPSoXMxaBdvWyYKJVPYIEyzcfytKzLWe89RmcmwutMtq83 9sWJjJ7qikIi8MCLK8aFKwwMigfniQUQXEsLkVmChqZw3IBVaYG Ps9/naSSpbVXf1EwIxIzrHIymRwDKYqkxqkaTmoKgcLh4/7Tkbc SIjdBkcNfOTifgP3XXzewOcuhlxbeoWVFZRJUfm+3Xbk7valOO 12oh+d7q+w3fuGlrGKvqCv6DuK0A7qoZ/oEMWIoCm6Qbfojxd7p ffbu16meq3nmk3UCO/mCW3T7XI=</latexit>
x
<latexit sha1_base64="gI9g hxehSHsX5jVzTqjtzUGSOtw=">AAAC0XicbZFNT+MwEIbdLF8bl q/luJeIgrSnKmEPyxGJC6eqBUIrmqpynClY+COyHaCKIqG9cl3+ DP+Ef4NTeti4O5KlV+8zMx570pxRbcLwveV9WVldW9/46m9+29 re2d37fq1loQjERDKphinWwKiA2FDDYJgrwDxlMEjvz2o+eAClq RRXZpbDmONbQaeUYGOt/tNktx12wnkEyyJaiDZaRG+y13pLMkkK DsIQhrUeRWFuxiVWhhIGlZ8UGnJM7vEtjKwUmIMel/NJq+DIOlk wlcoeYYK5+29FibnWM57aTI7NnXZZbf6PjQozPRmXVOSFAUE+L5 oWLDAyqJ8dZFQBMWxmBSaK2lkDcocVJsZ+jn+UpJJldVc/EfBIJ OdYZGUyvARTlUkN0rQcVpWDhcMnXScjbiTEboOLBr5wcbeBuy6+ aeAbF0OuLX3AygrKpKh83247cne7LK6PO9GvznE/bJ8eLva+gX 6gA/QTReg3OkXnqIdiRBCgF/QXvXqX3sx79v58pnqtRc0+aoT38 gGzU+jL</latexit>−1
<latexit sha1_base64="dEgv OzBK2s86FDFTxasqo2QwjN0=">AAAC0nicbZHNTttAEMc3Lm2D+ wG0l0q9WKRIvTSy6aG9EamXniKaYoiIo2i9HsOK/bB216DU8qHq lSu8ADckXqCP0VtfoU/BOuGAl4600l//38zs7E5aMKpNGP7teI 9WHj952l31nz1/8XJtfePVvpalIhATyaQap1gDowJiQw2DcaEA8 5TBQXrypeEHp6A0lWLPzAuYcnwkaE4JNtYafYhm672wHy4ieCii O9Hb+Xd9dfPmz2x3ttH5nWSSlByEIQxrPYnCwkwrrAwlDGo/KTU UmJzgI5hYKTAHPa0Wo9bBlnWyIJfKHmGChXu/osJc6zlPbSbH5l i7rDH/xyalyT9PKyqK0oAgy4vykgVGBs27g4wqIIbNrcBEUTtrQ I6xwsTY3/G3klSyrOnqJwLOiOQci6xKxt/B1FXSgDStxnXtYOHw 2dDJiFsJsdtg1MIjFw9beOjiwxY+dDEU2tJTrKygTIra9+22I3 e3D8X+dj/62N/+FvYG79Ayuugt2kTvUYQ+oQH6inZRjAjK0Tm6Q JfenvfD++n9WqZ6nbua16gV3vktlRXtJw==</latexit>
1
<latexit sha1_base64="TBbD qMjNGUFjIZmYG69qZnQZKcQ=">AAAC0XicbZHLTuswEIbdcA+H+ 5JNREE6qyqBBSyR2LCquAUqmqpynClY+BLZDqiKIiG2bOFleBPe Bqd0QQwjWfr1fzPjsSfNGdUmDD9b3szs3PzC4pK//G9ldW19Y/ Nay0IRiIlkUvVSrIFRAbGhhkEvV4B5yuAmfTip+c0jKE2luDLjH AYc3wk6ogQba51Hw/V22AknEfwW0VS00TTOhhutjySTpOAgDGFY 634U5mZQYmUoYVD5SaEhx+QB30HfSoE56EE5mbQK9qyTBSOp7BE mmLg/K0rMtR7z1GZybO61y2rzL9YvzOhoUFKRFwYE+b5oVLDAyK B+dpBRBcSwsRWYKGpnDcg9VpgY+zn+XpJKltVd/UTAE5GcY5GVS e8STFUmNUjTsldVDhYOH3adjLiRELsNLhr4wsXdBu66+LaBb10M ubb0ESsrKJOi8n277cjd7W9xvd+JDjr752H7eHe690W0jXbQfx ShQ3SMTtEZihFBgF7RG3r3Lr2x9+y9fKd6rWnNFmqE9/oFBxjoh A==</latexit>
x
<latexit sha1_base64="gI9g hxehSHsX5jVzTqjtzUGSOtw=">AAAC0XicbZFNT+MwEIbdLF8bl q/luJeIgrSnKmEPyxGJC6eqBUIrmqpynClY+COyHaCKIqG9cl3+ DP+Ef4NTeti4O5KlV+8zMx570pxRbcLwveV9WVldW9/46m9+29 re2d37fq1loQjERDKphinWwKiA2FDDYJgrwDxlMEjvz2o+eAClq RRXZpbDmONbQaeUYGOt/tNktx12wnkEyyJaiDZaRG+y13pLMkkK DsIQhrUeRWFuxiVWhhIGlZ8UGnJM7vEtjKwUmIMel/NJq+DIOlk wlcoeYYK5+29FibnWM57aTI7NnXZZbf6PjQozPRmXVOSFAUE+L5 oWLDAyqJ8dZFQBMWxmBSaK2lkDcocVJsZ+jn+UpJJldVc/EfBIJ OdYZGUyvARTlUkN0rQcVpWDhcMnXScjbiTEboOLBr5wcbeBuy6+ aeAbF0OuLX3AygrKpKh83247cne7LK6PO9GvznE/bJ8eLva+gX 6gA/QTReg3OkXnqIdiRBCgF/QXvXqX3sx79v58pnqtRc0+aoT38 gGzU+jL</latexit>−1
<latexit sha1_base64="dEgv OzBK2s86FDFTxasqo2QwjN0=">AAAC0nicbZHNTttAEMc3Lm2D+ wG0l0q9WKRIvTSy6aG9EamXniKaYoiIo2i9HsOK/bB216DU8qHq lSu8ADckXqCP0VtfoU/BOuGAl4600l//38zs7E5aMKpNGP7teI 9WHj952l31nz1/8XJtfePVvpalIhATyaQap1gDowJiQw2DcaEA8 5TBQXrypeEHp6A0lWLPzAuYcnwkaE4JNtYafYhm672wHy4ieCii O9Hb+Xd9dfPmz2x3ttH5nWSSlByEIQxrPYnCwkwrrAwlDGo/KTU UmJzgI5hYKTAHPa0Wo9bBlnWyIJfKHmGChXu/osJc6zlPbSbH5l i7rDH/xyalyT9PKyqK0oAgy4vykgVGBs27g4wqIIbNrcBEUTtrQ I6xwsTY3/G3klSyrOnqJwLOiOQci6xKxt/B1FXSgDStxnXtYOHw 2dDJiFsJsdtg1MIjFw9beOjiwxY+dDEU2tJTrKygTIra9+22I3 e3D8X+dj/62N/+FvYG79Ayuugt2kTvUYQ+oQH6inZRjAjK0Tm6Q JfenvfD++n9WqZ6nbua16gV3vktlRXtJw==</latexit>
1
<latexit sha1_base64="TBbD qMjNGUFjIZmYG69qZnQZKcQ=">AAAC0XicbZHLTuswEIbdcA+H+ 5JNREE6qyqBBSyR2LCquAUqmqpynClY+BLZDqiKIiG2bOFleBPe Bqd0QQwjWfr1fzPjsSfNGdUmDD9b3szs3PzC4pK//G9ldW19Y/ Nay0IRiIlkUvVSrIFRAbGhhkEvV4B5yuAmfTip+c0jKE2luDLjH AYc3wk6ogQba51Hw/V22AknEfwW0VS00TTOhhutjySTpOAgDGFY 634U5mZQYmUoYVD5SaEhx+QB30HfSoE56EE5mbQK9qyTBSOp7BE mmLg/K0rMtR7z1GZybO61y2rzL9YvzOhoUFKRFwYE+b5oVLDAyK B+dpBRBcSwsRWYKGpnDcg9VpgY+zn+XpJKltVd/UTAE5GcY5GVS e8STFUmNUjTsldVDhYOH3adjLiRELsNLhr4wsXdBu66+LaBb10M ubb0ESsrKJOi8n277cjd7W9xvd+JDjr752H7eHe690W0jXbQfx ShQ3SMTtEZihFBgF7RG3r3Lr2x9+y9fKd6rWnNFmqE9/oFBxjoh A==</latexit>
v
<latexit sha1_base64="Z14h dsiwQ0ANOW2ui0N7PHItvD0=">AAAC0XicbZHJbtswEIZppW1cd cl27EWoG6AnQ0oOyTFALjkZ2WQbtgyDosYJES4CSTkwBAFBrr6m L9M3yduEcnyo6A5A4Mf/zQyHnDRnVJswfG15Wx8+ftpuf/a/fP 32fWd3b7+vZaEIxEQyqYYp1sCogNhQw2CYK8A8ZTBIH85rPpiD0 lSKW7PIYcLxnaAzSrCx1tV8utsJu+Eqgk0RrUUHreNyutf6m2SS FByEIQxrPY7C3ExKrAwlDCo/KTTkmDzgOxhbKTAHPSlXk1bBoXW yYCaVPcIEK/ffihJzrRc8tZkcm3vtstr8HxsXZnY6KanICwOCvF 80K1hgZFA/O8ioAmLYwgpMFLWzBuQeK0yM/Rz/MEkly+qufiLgk UjOscjKZHgDpiqTGqRpOawqBwuHT3tORtxIiN0G1w187eJeA/dc PGrgkYsh15bOsbKCMikq37fbjtzdbor+UTc67h5dhZ2zX+u9t9 EP9BP9RhE6QWfoAl2iGBEEaIle0B/vxlt4T97ze6rXWtccoEZ4y zeueejJ</latexit>
−8.6
<latexit sha1_base64="Gwi V7UIucmY+4UCuSkPRdQx8XHc=">AAAC1HicbZHPTttAEMY3hh bq0hbKpVIvVgNSL41sKgG3InHhFAHFISKOovV6QlbsH2t3DYq MT4grV3rvrVJfgMfora/Qp+g64VAvHWmlT99vZnZ2J80Z1SYM f7e8hcVnz5eWX/gvV169frO69ranZaEIxEQyqfop1sCogNhQ w6CfK8A8ZXCaXuzX/PQSlKZSnJhpDkOOzwUdU4JNbX3a7WyPV tthJ5xF8FREj6L95c+P7z/f/RodjtZaD0kmScFBGMKw1oMozM 2wxMpQwqDyk0JDjskFPoeBlQJz0MNyNmwVbFonC8ZS2SNMMHP /rSgx13rKU5vJsZlol9Xm/9igMOPdYUlFXhgQZH7RuGCBkUH9 8iCjCohhUyswUdTOGpAJVpgY+z/+ZpJKltVd/UTAFZGcY5GVS f8rmKpMapCmZb+qHCwcPuo6GXEjIXYbHDfwsYu7Ddx18VkDn7 kYcm3pJVZWUCZF5ft225G726eit9WJPne2jsL23gaaxzJ6jz6 gjyhCO2gPHaBDFCOCJugO3aNvXs+79m6823mq13qsWUeN8O7 +AuVL7aY=</latexit>
−7.6
<latexit sha1_base64="nA05 W1s8Wb9Z48AJ8ScmHaELTng=">AAAC1HicbZHPTttAEMY3hhbq0 hbKpVIvVgNSL41sKgG3InHhFAHFISKOovV6QlbsH2t3DYqMT4gr V3rvrVJfgMfora/Qp+g64VAvHWmlT99vZnZ2J80Z1SYMf7e8hc Vnz5eWX/gvV169frO69ranZaEIxEQyqfop1sCogNhQw6CfK8A8Z XCaXuzX/PQSlKZSnJhpDkOOzwUdU4JNbX3a6WyPVtthJ5xF8FRE j6L95c+P7z/f/RodjtZaD0kmScFBGMKw1oMozM2wxMpQwqDyk0J DjskFPoeBlQJz0MNyNmwVbFonC8ZS2SNMMHP/rSgx13rKU5vJsZ lol9Xm/9igMOPdYUlFXhgQZH7RuGCBkUH98iCjCohhUyswUdTOG pAJVpgY+z/+ZpJKltVd/UTAFZGcY5GVSf8rmKpMapCmZb+qHCwc Puo6GXEjIXYbHDfwsYu7Ddx18VkDn7kYcm3pJVZWUCZF5ft225 G726eit9WJPne2jsL23gaaxzJ6jz6gjyhCO2gPHaBDFCOCJugO3 aNvXs+79m6823mq13qsWUeN8O7+AuLc7aU=</latexit>
v
<latexit sha1_base64="Z14h dsiwQ0ANOW2ui0N7PHItvD0=">AAAC0XicbZHJbtswEIZppW1cd cl27EWoG6AnQ0oOyTFALjkZ2WQbtgyDosYJES4CSTkwBAFBrr6m L9M3yduEcnyo6A5A4Mf/zQyHnDRnVJswfG15Wx8+ftpuf/a/fP 32fWd3b7+vZaEIxEQyqYYp1sCogNhQw2CYK8A8ZTBIH85rPpiD0 lSKW7PIYcLxnaAzSrCx1tV8utsJu+Eqgk0RrUUHreNyutf6m2SS FByEIQxrPY7C3ExKrAwlDCo/KTTkmDzgOxhbKTAHPSlXk1bBoXW yYCaVPcIEK/ffihJzrRc8tZkcm3vtstr8HxsXZnY6KanICwOCvF 80K1hgZFA/O8ioAmLYwgpMFLWzBuQeK0yM/Rz/MEkly+qufiLgk UjOscjKZHgDpiqTGqRpOawqBwuHT3tORtxIiN0G1w187eJeA/dc PGrgkYsh15bOsbKCMikq37fbjtzdbor+UTc67h5dhZ2zX+u9t9 EP9BP9RhE6QWfoAl2iGBEEaIle0B/vxlt4T97ze6rXWtccoEZ4y zeueejJ</latexit>
−8.6
<latexit sha1_base64="Gwi V7UIucmY+4UCuSkPRdQx8XHc=">AAAC1HicbZHPTttAEMY3hh bq0hbKpVIvVgNSL41sKgG3InHhFAHFISKOovV6QlbsH2t3DYq MT4grV3rvrVJfgMfora/Qp+g64VAvHWmlT99vZnZ2J80Z1SYM f7e8hcVnz5eWX/gvV169frO69ranZaEIxEQyqfop1sCogNhQ w6CfK8A8ZXCaXuzX/PQSlKZSnJhpDkOOzwUdU4JNbX3a7WyPV tthJ5xF8FREj6L95c+P7z/f/RodjtZaD0kmScFBGMKw1oMozM 2wxMpQwqDyk0JDjskFPoeBlQJz0MNyNmwVbFonC8ZS2SNMMHP /rSgx13rKU5vJsZlol9Xm/9igMOPdYUlFXhgQZH7RuGCBkUH9 8iCjCohhUyswUdTOGpAJVpgY+z/+ZpJKltVd/UTAFZGcY5GVS f8rmKpMapCmZb+qHCwcPuo6GXEjIXYbHDfwsYu7Ddx18VkDn7 kYcm3pJVZWUCZF5ft225G726eit9WJPne2jsL23gaaxzJ6jz6 gjyhCO2gPHaBDFCOCJugO3aNvXs+79m6823mq13qsWUeN8O7 +AuVL7aY=</latexit>
−7.6
<latexit sha1_base64="nA05 W1s8Wb9Z48AJ8ScmHaELTng=">AAAC1HicbZHPTttAEMY3hhbq0 hbKpVIvVgNSL41sKgG3InHhFAHFISKOovV6QlbsH2t3DYqMT4gr V3rvrVJfgMfora/Qp+g64VAvHWmlT99vZnZ2J80Z1SYMf7e8hc Vnz5eWX/gvV169frO69ranZaEIxEQyqfop1sCogNhQw6CfK8A8Z XCaXuzX/PQSlKZSnJhpDkOOzwUdU4JNbX3a6WyPVtthJ5xF8FRE j6L95c+P7z/f/RodjtZaD0kmScFBGMKw1oMozM2wxMpQwqDyk0J DjskFPoeBlQJz0MNyNmwVbFonC8ZS2SNMMHP/rSgx13rKU5vJsZ lol9Xm/9igMOPdYUlFXhgQZH7RuGCBkUH98iCjCohhUyswUdTOG pAJVpgY+z/+ZpJKltVd/UTAFZGcY5GVSf8rmKpMapCmZb+qHCwc Puo6GXEjIXYbHDfwsYu7Ddx18VkDn7kYcm3pJVZWUCZF5ft225 G726eit9WJPne2jsL23gaaxzJ6jz6gjyhCO2gPHaBDFCOCJugO3 aNvXs+79m6823mq13qsWUeN8O7+AuLc7aU=</latexit>
(a)
<latexit sha1 _base64="8XwaNvIgi3WLZ7yEd 64GW/XRoBU=">AAAC03icbZFN T9tAEIY3binUQAvtsRerAQkuk Z0e2iNSLz1FfNQQEUfReD0JK/b D2l2DIsuXqleu7X/hn/TfdB1y qJeOtNKr95mZnd3JS86MjeM/ve DFy41Xm1uvw+2d3Tdv9/bfXRp VaYopVVzpcQ4GOZOYWmY5jkuNI HKOV/nt15Zf3aE2TMnvdlniVM BCsjmjYJ11cQTHs71+PIhXET0 XyVr0yTpOZ/u9x6xQtBIoLeVgz CSJSzutQVtGOTZhVhksgd7CAi dOShBopvVq1iY6dE4RzZV2R9po 5f5bUYMwZilylynA3hifteb/2 KSy8y/Tmsmysijp00XzikdWRe3 Do4JppJYvnQCqmZs1ojeggVr3 PeFhlitetF3DTOI9VUKALOpsf IG2qbMW5Hk9bhoPS4/PRl5G2kl I/QbnHXzu41EHj3x83cHXPsbS OHoH2gnGlWzC0G078Xf7XFwOB8 mnwfBs2D85WO99i3wgH8kRSch nckK+kVOSEkoW5IH8Ir+DNKiDH 8HPp9Sgt655TzoRPPwFjQHpGw ==</latexit>
(b)
<latexit sha1_base64="RGrk J4f4uL7LqCymZBtv36WF6vE=">AAAC03icbZFNT9wwEIa9actH2 vJRjlyibpHoZZUsh/aIxIXTigKBFZvVynZmFwt/RLYDWkW5IK5c 4b/0n/BvcJY9NKYjWXr1PjPjsYcUnBkbxy+d4MPHTyura+vh5y 9fNza3tr9dGFVqCilVXOkhwQY4k5BaZjkMCw1YEA6X5Oao4Ze3o A1T8tzOCxgLPJNsyii2zjrbJz8nW924Fy8iei+SpeiiZZxMtjt/ s1zRUoC0lGNjRklc2HGFtWWUQx1mpYEC0xs8g5GTEgsw42oxax3 tOSePpkq7I220cP+tqLAwZi6IyxTYXhufNeb/2Ki009/jismitC Dp20XTkkdWRc3Do5xpoJbPncBUMzdrRK+xxtS67wn3MqJ43nQNM wl3VAmBZV5lwzOwdZU1gJBqWNcelh6fDLyMtJWQ+g1OW/jUx4MW Hvj4qoWvfAyFcfQWaycYV7IOQ7ftxN/te3HR7yUHvf6ffvfwx3 Lva2gXfUf7KEG/0CE6RicoRRTN0CN6Qs9BGlTBffDwlhp0ljU7q BXB4yuPb+kc</latexit>
ε = 0
<latexi t sha1_base64 ="cE+az3ZvLL cENex3zgWMJkl AY7g=">AAAC4n icbZHNTttAEM c3hrbg0jaUI5c VKRKnyKaH9lIJ qZeeIr4MEXEUr dcTWLEf1u46V WT5BXqruHJtH4 I34W1Yh0jghZF W+mt+M7Oj+Wc FZ8ZG0X0nWFl9 8/bd2nr4fuPDx 0/dzc9nRpWaQk IVV3qYEQOcSU gssxyGhQYiMg7 n2fXPhp/PQBum 5KmdFzAW5FKy KaPEutSk201nR ENhGFcS/8ARnn R7UT9aBH4p4qX ooWUcTjY7d2m uaClAWsqJMaM4 Kuy4ItoyyqEO0 9JAQeg1uYSRk 5IIMONqsXqNd1 0mx1Ol3ZMWL7L POyoijJmLzFUK Yq+Mz5rka2xU 2un3ccVkUVqQ9 PGjacmxVbi5A8 6ZBmr53AlCNX O7YnpFNKHWXSv cTTPF82ZqmEr4 TZUQROZVOjwBW 1dpA7KsGta1h 6XHJwOvImkVJP 6A4xY+9vGghQc +vmjhCx87mx1 98rsOQ+d27Hv7 Upzt9+Ov/f2jq HfwZen7GtpGO2 gPxegbOkC/0C FKEEUzdIv+of9 BHvwJ/gY3j6VB Z9mzhVoR3D4A s3ruhg==</lat exit>
ε = 5× 10−3
<latexi t sha1_base64 ="Di7FAWdA4s cdgn/RAA1pMXl NaRA=">AAAC8H icbZHNahRBEM d7x684fm30Igj SuAa8uMwkiLkE A148LTE6yZKdd ejpqU2a9MfQ3 RNZhrn5EN5EvC 140pOP4c1X8Cn s2Q3odCxo+PP /VVd1V+UlZ8ZG 0a9ecOnylavX1 q6HN27eun2nv3 73wKhKU0io4k qPc2KAMwmJZZb DuNRARM7hMD99 2fLDM9CGKfnW zkuYCnIs2YxRY p2V9R+mZ0RDaR hXEu/gZzi1TID BcfSufrrVZP1 BNIyWgS+K+FwM XvxefPl6/2e2l 633fqSFopUAa SknxkziqLTTmm jLKIcmTCsDJaG n5BgmTkriuk3r 5UcavOGcAs+U dkdavHT/vVETY cxc5C5TEHtifN aa/2OTys62pz WTZWVB0lWjWcW xVbidCi6YBmr5 3AlCNXNvxfSEa EKtm124keaKF 23VMJXwniohiC zqdPwGbFOnLcj zetw0HpYez0Z eRtJJSPwC+x28 7+NRB498fNTBR z52S3f07/abMH Tbjv3dXhQHm8 N4a7j5OhrsPka rWEMP0CP0BMXo OdpFr9AeShBF H9ACfUPfAx18D D4Fn1epQe/8zj 3UiWDxB6g/+Dg =</latexit>
HB
<latexit sha1 _base64="nPCvrXbL0SjNi/erG jDKilP/V8A=">AAAC0nicbZHP TtwwEMa9aWlpoAXKsRerKyROq 2R7aI+IXjit6EJgxWa1cpwJWPh PZDtU2yiHqleu5WF4E94GZ9kD MYxk6dP3mxmPPVnJmbFR9NAL3r xde/d+/UO4sfnx09b2zuczoyp NIaGKKz3JiAHOJCSWWQ6TUgMRG Yfz7Ppny89vQBum5KldlDAT5F KyglFinTU+Opxv96NBtAz8UsQ r0UerOJ7v9O7TXNFKgLSUE2Omc VTaWU20ZZRDE6aVgZLQa3IJUy clEWBm9XLUBu85J8eF0u5Ii5fu 84qaCGMWInOZgtgr47PWfI1NK 1v8mNVMlpUFSZ8uKiqOrcLtu3H ONFDLF04QqpmbFdMrogm17nfC vTRTPG+7hqmE31QJQWRep5MTs E2dtiDL6knTeFh6fD7yMpJOQuI 3GHfw2MejDh75+KKDL3wMpXH0 hmgnGFeyCUO37djf7UtxNhzE3w bDX8P+AV7tfR19QV/RPorRd3S AjtAxShBFBbpF/9FdcBr8Cf4G/ 55Sg96qZhd1Irh9BASN6OU=</ latexit>
HB
<latexi t sha1_base64 ="nPCvrXbL0S jNi/erGjDKilP /V8A=">AAAC0n icbZHPTtwwEM a9aWlpoAXKsRe rKyROq2R7aI+I Xjit6EJgxWa1c pwJWPhPZDtU2 yiHqleu5WF4E9 4GZ9kDMYxk6dP 3mxmPPVnJmbF R9NAL3rxde/d+ /UO4sfnx09b2z uczoypNIaGKKz 3JiAHOJCSWWQ 6TUgMRGYfz7Pp ny89vQBum5Kld lDAT5FKyglFi nTU+Opxv96NBt Az8UsQr0UerOJ 7v9O7TXNFKgLS UE2OmcVTaWU2 0ZZRDE6aVgZLQ a3IJUyclEWBm9 XLUBu85J8eF0 u5Ii5fu84qaCG MWInOZgtgr47P WfI1NK1v8mNVM lpUFSZ8uKiqO rcLtu3HONFDLF 04QqpmbFdMrog m17nfCvTRTPG +7hqmE31QJQWR ep5MTsE2dtiDL 6knTeFh6fD7yM pJOQuI3GHfw2 MejDh75+KKDL3 wMpXH0hmgnGFe yCUO37djf7Ut xNhzE3wbDX8P+ AV7tfR19QV/RP orRd3SAjtAxSh BFBbpF/9FdcB r8Cf4G/55Sg96 qZhd1Irh9BASN 6OU=</latexi t>
Fig. 2.3. Slow passage through a Hopf bifurcation in the Fitzhugh–Nagumo model (2.3). Pa-
rameters: d1 = 0.1, b = 0.1, c = 0.05, ε = 0, 5× 10−3.
Hopf bifurcation, of which we give numerical evidence in Figure 2.3. This example
shows a slow-passage through a bifurcation of a homogeneous steady state, because
the boundary conditions allow it. We highlight that the theory presented below is
equally applicable to slow-passages through heterogeneous (patterned) steady states,
of which the neural field problem is an example.
The analytical treatment of this problem will be done on Sobolev spaces, and the
presentation of this example assumes no prior knowledge of Centre Manifold reduction
for PDEs, but only basic notions in functional analysis. The theory developed in the
next sections is applicable to generic reaction–diffusion PDEs, and in particular to
the examples considered in [54].
A separate analytical treatment is instead required for the slow-passage through
a Hopf bifurcation in DDEs, for which we consider the model problem
(2.4)
u˙(t) = v(t)u(t)− u3(t)− u(t− τ) + d in R>0 ,
v˙(t) = ε in R>0 .
The fast subsystem of (2.4) is therefore the one-component delay-differential equation,
in which the trivial equilibrium undergoes a first Hopf bifurcation at v = −3/4. The
slow drift on α induces the slow passage presented in Figure 2.4.
2.3. Slow passage through Turing bifurcations in local- and nonlocal-
reaction diffusion model. Since centre-manifold reductions are possible for generic
bifurcations in PDE or integro-differential equations, we consider the case of a slow
passage through a Turing bifurcation. In general, we will study problems of the
following type
(2.5)
∂tu = D∂
2
xu+ f(u, v) in Ω× R>0,
v˙ = ε in R>0,
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HB
<latexit sha1 _base64="nPCvrXbL0SjNi/erG jDKilP/V8A=">AAAC0nicbZHP TtwwEMa9aWlpoAXKsRerKyROq 2R7aI+IXjit6EJgxWa1cpwJWPh PZDtU2yiHqleu5WF4E94GZ9kD MYxk6dP3mxmPPVnJmbFR9NAL3r xde/d+/UO4sfnx09b2zuczoyp NIaGKKz3JiAHOJCSWWQ6TUgMRG Yfz7Ppny89vQBum5KldlDAT5F KyglFinTU+Opxv96NBtAz8UsQ r0UerOJ7v9O7TXNFKgLSUE2Omc VTaWU20ZZRDE6aVgZLQa3IJUy clEWBm9XLUBu85J8eF0u5Ii5fu 84qaCGMWInOZgtgr47PWfI1NK 1v8mNVMlpUFSZ8uKiqOrcLtu3H ONFDLF04QqpmbFdMrogm17nfC vTRTPG+7hqmE31QJQWRep5MTs E2dtiDL6knTeFh6fD7yMpJOQuI 3GHfw2MejDh75+KKDL3wMpXH0 hmgnGFeyCUO37djf7UtxNhzE3w bDX8P+AV7tfR19QV/RPorRd3S AjtAxShBFBbpF/9FdcBr8Cf4G/ 55Sg96qZhd1Irh9BASN6OU=</ latexit>
 2
<latexit sha1 _base64="Fycrd6Q+xNuESV2pa 1J7Waod+o8=">AAAB6XicbVDL SsNAFL2pr1ofrbp0M1gFN5akB R+7ghuXVewD2lAm00k7dDIJMxO hhP6BGxeKuPWP3Pk3TtIgaj1w 4XDOvdx7jxdxprRtf1qFldW19Y 3iZmlre2e3XNnb76gwloS2Sch D2fOwopwJ2tZMc9qLJMWBx2nXm 16nfveBSsVCca9nEXUDPBbMZw RrI92d1YeVql2zM6Bl4uSkCjl aw8rHYBSSOKBCE46V6jt2pN0ES 80Ip/PSIFY0wmSKx7RvqMABVW 6SXTpHJ0YZIT+UpoRGmfpzIsGB UrPAM50B1hP110vF/7x+rP1LN 2EiijUVZLHIjznSIUrfRiMmKdF 8ZggmkplbEZlgiYk24ZSyEK5S nH+/vEw69ZrTqDVu7WrzOI+jC IdwBKfgwAU04QZa0AYCPjzCM7x YU+vJerXeFq0FK585gF+w3r8A 8+iNAg==</latexit>
 2
<latexit sha1 _base64="Fycrd6Q+xNuESV2pa 1J7Waod+o8=">AAAB6XicbVDL SsNAFL2pr1ofrbp0M1gFN5akB R+7ghuXVewD2lAm00k7dDIJMxO hhP6BGxeKuPWP3Pk3TtIgaj1w 4XDOvdx7jxdxprRtf1qFldW19Y 3iZmlre2e3XNnb76gwloS2Sch D2fOwopwJ2tZMc9qLJMWBx2nXm 16nfveBSsVCca9nEXUDPBbMZw RrI92d1YeVql2zM6Bl4uSkCjl aw8rHYBSSOKBCE46V6jt2pN0ES 80Ip/PSIFY0wmSKx7RvqMABVW 6SXTpHJ0YZIT+UpoRGmfpzIsGB UrPAM50B1hP110vF/7x+rP1LN 2EiijUVZLHIjznSIUrfRiMmKdF 8ZggmkplbEZlgiYk24ZSyEK5S nH+/vEw69ZrTqDVu7WrzOI+jC IdwBKfgwAU04QZa0AYCPjzCM7x YU+vJerXeFq0FK585gF+w3r8A 8+iNAg==</latexit>
v
<latexit sha1_base64="twWr 3bgg2o/cxZCVL+NzhdyYr4U=">AAAB6HicbVDJSgNBEK1xjXGLe vTSGAVPYcaAyy3gxWMCZoFkCD2dmqRNz0J3TyCEfIEXD4p49ZO8 +Tf2TAZR44OCx3tVVNXzYsGVtu1Pa2V1bX1js7BV3N7Z3dsvHR y2VJRIhk0WiUh2PKpQ8BCbmmuBnVgiDTyBbW98m/rtCUrFo/BeT 2N0AzoMuc8Z1UZqTPqlsl2xM5Bl4uSkDDnq/dJHbxCxJMBQM0GV 6jp2rN0ZlZozgfNiL1EYUzamQ+waGtIAlTvLDp2TM6MMiB9JU6E mmfpzYkYDpaaBZzoDqkfqr5eK/3ndRPvX7oyHcaIxZItFfiKIjk j6NRlwiUyLqSGUSW5uJWxEJWXaZFPMQrhJcfn98jJpXVScaqXas Mu10zyOAhzDCZyDA1dQgzuoQxMYIDzCM7xYD9aT9Wq9LVpXrHzm CH7Bev8C8bONDw==</latexit> 3
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Fig. 2.4. Slow passage through a Hopf bifurcation in the delay-differential equation (2.4).
Parameter values: ε = 0.01, τ = 4, d = 0.01.
subject to suitable boundary conditions, where u denotes the concentrations of q
reactants, and D = diag{d1, . . . , dq} with di > 0 for all i ∈ Nq, is a diffusion matrix.
While developing a theory for generic models of this type is possible, we concentrate
on two main examples, which can easily be generalised.
2.3.1. Nonlocal-reaction diffusion model. The first example under consid-
eration is a model with nonlocal reaction, which has been studied for ε = 0 in the
context of population dynamics [41, 81].
(2.6)
∂tu = d∂
2
xu+ (v − b)u− u
∫
Ω
w( · − y)u(y, t) dy, in Ω× R>0
v˙ = ε in R>0
where Ω = R/2lZ, and w is an interaction kernel. The model undergoes a Turing-like
bifurcation of a homogeneous steady state, and we show numerical results of a slow-
passage through this bifurcation (see Figure 2.5). We will derive theoretical results for
this 1-component, nonlocal problem, and present a strategy that is easily adaptable
to generic d-component reaction diffusion equation subject to Dirichlet, Neumann, or
mixed homogeneous boundary conditions, under mild hypotheses on f . This strategy
can be used also in reaction-diffusion problems undergoing other bifurcations.
2.3.2. Schnakenberg model. As an example of a local-reaction diffusion equa-
tion, we consider the following Schnakenberg model, which undergoes a sub- or super-
critical Turing bifurcation, as discussed in [16],
(2.7)
∂tu1 = d1∂
2
xu1 + vu
2
1u2 − (c+ r)u1 + hu2, x ∈ (0, l)
∂tu2 = d2∂
2
xu2 − vu21u2 + cu1 − hu2 + b, x ∈ (0, l)
v˙ = ε,
subject to Neumann boundary conditions
∂xu1(0, t) = ∂xu1(l, t) = 0,
∂xu1(0, t) = ∂xu1(l, t) = 0.
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6800
<latexit sha1_base64="i9MM 4XD/o6Fy4xhL8HqiXbKo5i0=">AAAC1HicbZHPTttAEMY3LgVqW iDlyMUiIPUU2VQqHCNx4RRRqENEHEXr9YSs2D/W7hoUGZ8QV670 WXiTvk3XIQe8MNJKn77fzOzsTpozqk0Y/mt5n1Y+r66tf/E3vn 7b3Npufx9oWSgCMZFMqmGKNTAqIDbUMBjmCjBPGVymNyc1v7wFp akUf8w8hzHH14JOKcGmtn4dh+FkuxN2w0UE70W0FB20jLNJu/WS ZJIUHIQhDGs9isLcjEusDCUMKj8pNOSY3OBrGFkpMAc9LhfDVsG BdbJgKpU9wgQL921FibnWc57aTI7NTLusNj9io8JMj8clFXlhQJ DXi6YFC4wM6pcHGVVADJtbgYmidtaAzLDCxNj/8Q+SVLKs7uonA u6I5ByLrEyGF2CqMqlBmpbDqnKwcPik72TEjYTYbXDewOcu7jdw 38VXDXzlYsi1pbdYWUGZFJXv221H7m7fi8FhN/rZPfwddnr7y7 2vo120h36gCB2hHjpFZyhGBM3QE3pGf72Bd+89eI+vqV5rWbODG uE9/Qf2r+k/</latexit>
x
<latexit sha1_base64="gI9g hxehSHsX5jVzTqjtzUGSOtw=">AAAC0XicbZFNT+MwEIbdLF8bl q/luJeIgrSnKmEPyxGJC6eqBUIrmqpynClY+COyHaCKIqG9cl3+ DP+Ef4NTeti4O5KlV+8zMx570pxRbcLwveV9WVldW9/46m9+29 re2d37fq1loQjERDKphinWwKiA2FDDYJgrwDxlMEjvz2o+eAClq RRXZpbDmONbQaeUYGOt/tNktx12wnkEyyJaiDZaRG+y13pLMkkK DsIQhrUeRWFuxiVWhhIGlZ8UGnJM7vEtjKwUmIMel/NJq+DIOlk wlcoeYYK5+29FibnWM57aTI7NnXZZbf6PjQozPRmXVOSFAUE+L5 oWLDAyqJ8dZFQBMWxmBSaK2lkDcocVJsZ+jn+UpJJldVc/EfBIJ OdYZGUyvARTlUkN0rQcVpWDhcMnXScjbiTEboOLBr5wcbeBuy6+ aeAbF0OuLX3AygrKpKh83247cne7LK6PO9GvznE/bJ8eLva+gX 6gA/QTReg3OkXnqIdiRBCgF/QXvXqX3sx79v58pnqtRc0+aoT38 gGzU+jL</latexit>−5
<latexit sha1_base64="JqPj oNrNEuKOLjk6IK9kxwdRC9I=">AAAC0nicbZHPTtwwEMa9KbSQl hbaSyUuEVskLqwSqqq9FamXnlZ0IbBis1o5zgQs/CeyHaptlEPV K9f2BXpD6gvwGNx4BZ4CZ5cDMR3J0qfvNzMee9KCUW3C8KbjPV lYfPpsadl//mLl5avVtdeHWpaKQEwkk2qYYg2MCogNNQyGhQLMU wZH6dmXhh+dg9JUigMzLWDM8YmgOSXYWGuw/WGy2g174SyCxyK6 F93Pt5d//729nuxN1jpXSSZJyUEYwrDWoygszLjCylDCoPaTUkO ByRk+gZGVAnPQ42o2ah1sWicLcqnsESaYuQ8rKsy1nvLUZnJsTr XLGvN/bFSa/NO4oqIoDQgyvygvWWBk0Lw7yKgCYtjUCkwUtbMG5 BQrTIz9HX8zSSXLmq5+IuA7kZxjkVXJcB9MXSUNSNNqWNcOFg6f 9J2MuJUQuw0GLTxwcb+F+y4+buFjF0OhLT3HygrKpKh93247cn f7WBzu9KL3vZ1vYXf3HZrHElpHG2gLRegj2kVf0R6KEUE5ukC/0 R/vwPvh/fR+zVO9zn3NG9QK7+IOnsntKw==</latexit>
5
<latexit sha1_base64="u0pT lBkOTIe0WZpM5vlNrYqFRaA=">AAAC0XicbZFNT+MwEIbdsLCQX b6PXKLtIu2pSlit2CPSXjhVfKWtaKrKcaZg4Y/IdlhVUSTElSv8 Gf4J/wan7YG4jGTp1fvMjMeeNGdUmzB8a3krX1bXvq5v+N++b2 5t7+zu9bQsFIGYSCbVIMUaGBUQG2oYDHIFmKcM+undv5r370FpK sWVmeYw4vhG0Akl2Fjr/M94px12wlkEyyJaiDZaxNl4t/WaZJIU HIQhDGs9jMLcjEqsDCUMKj8pNOSY3OEbGFopMAc9KmeTVsGhdbJ gIpU9wgQz92NFibnWU57aTI7NrXZZbX7GhoWZ/B2VVOSFAUHmF0 0KFhgZ1M8OMqqAGDa1AhNF7awBucUKE2M/xz9MUsmyuqufCPhPJ OdYZGUyuARTlUkN0rQcVJWDhcPHXScjbiTEboOLBr5wcbeBuy6+ buBrF0OuLb3HygrKpKh83247cne7LHpHneh35+g8bJ/8XOx9HR 2gH+gXitAxOkGn6AzFiCBAT+gZvXiX3tR78B7nqV5rUbOPGuE9v QMQzOiI</latexit>
2
<latexit sha1_base64="OTkM PX3tjyaVD8qx3vBOVCXlUnw=">AAAC0XicbZHLTuswEIbdcA93W LKJKEisqqQsYIl0NqwqLidQ0VSV40zBwpfIdjiqokiILVt4Gd6E tzlO6YIYRrL06/9mxmNPmjOqTRh+try5+YXFpeUVf3VtfWNza3 vnRstCEYiJZFL1U6yBUQGxoYZBP1eAecrgNn38U/PbJ1CaSvHXT HIYcnwv6JgSbKx12R1ttcNOOI3gp4hmoo1mcTHabn0kmSQFB2EI w1oPojA3wxIrQwmDyk8KDTkmj/geBlYKzEEPy+mkVXBonSwYS2W PMMHU/V5RYq71hKc2k2PzoF1Wm7+xQWHGp8OSirwwIMjXReOCBU YG9bODjCoghk2swERRO2tAHrDCxNjP8Q+TVLKs7uonAv4RyTkWW Zn0r8FUZVKDNC37VeVg4fBRz8mIGwmx2+Cqga9c3GvgnovvGvjO xZBrS5+wsoIyKSrft9uO3N3+FDfdTnTc6V6G7bOD2d6X0R7aR0 coQifoDJ2jCxQjggC9ojf07l17E+/Ze/lK9Vqzml3UCO/1PwmF6 IU=</latexit>
0.5
<latexit sha1_base64="QFcZ hkDCMbdRnOrSHzySiOoZLdo=">AAAC03icbZHPTttAEMY3Li3g0 hLKsReLFIlTZIMQHJG4cIoo4CQijqL1ehJW7B9rdw2KLF+qXrnC u/RNeJuukxzqTUda6dP3m5md3UlzRrUJw/eW92Hj46fNrW3/88 6Xr7vtvW99LQtFICaSSTVMsQZGBcSGGgbDXAHmKYNB+nhZ88ETK E2luDPzHMYczwSdUoKNtW7D7umk3Qm74SKCdRGtRAet4nqy1/qT ZJIUHIQhDGs9isLcjEusDCUMKj8pNOSYPOIZjKwUmIMel4tZq+D QOlkwlcoeYYKF+29FibnWc57aTI7Ng3ZZbf6PjQozPR+XVOSFAU GWF00LFhgZ1A8PMqqAGDa3AhNF7awBecAKE2O/xz9MUsmyuqufC HgmknMssjIZ3oKpyqQGaVoOq8rBwuGTnpMRNxJit8FNA9+4uNfA PRffN/C9iyHXlj5hZQVlUlS+b7cdubtdF/3jbnTSPf4Zdi5+rP a+hb6jA3SEInSGLtAVukYxImiGXtArevNir/R+eb+XqV5rVbOPG uG9/AVBC+j6</latexit>
u
<latexit sha1_base64="jpbY gA5ycZMHHnhZ7MgjJ4Extug=">AAAC0XicbZFLT+MwEMfdsLzC8 lqOXKItSHuqEjjAEYnLnipeaas2VeU4U7DwI7IdUBVFWu2VK3wZ vgnfBqf0sHF3JEt//X8z47EnzRnVJgw/Wt7Kt9W19Y1Nf+v79s 7u3v6PnpaFIhATyaQapFgDowJiQw2DQa4A85RBP328rHn/CZSmU tyZWQ5jju8FnVKCjbWui8leO+yE8wiWRbQQbbSIq8l+6z3JJCk4 CEMY1noUhbkZl1gZShhUflJoyDF5xPcwslJgDnpczietgmPrZMF UKnuECebuvxUl5lrPeGozOTYP2mW1+T82Ksz0fFxSkRcGBPm6aF qwwMigfnaQUQXEsJkVmChqZw3IA1aYGPs5/nGSSpbVXf1EwDORn GORlcngFkxVJjVI03JQVQ4WDp90nYy4kRC7DW4a+MbF3QbuunjY wEMXQ64tfcLKCsqkqHzfbjtyd7sseied6LRzch22L44We99Ah+ gn+oUidIYu0G90hWJEEKAX9IrevFtv5v3x/n6leq1FzQFqhPfyC awM6Mg=</latexit>
ε = 10−4
<latexi t sha1_base64 ="ZdqqTekLHL vQo+VIJ58mCKs 58GI=">AAAC53 icbZHPahRBEM Z7R6NxEnWjePL SuAl4cZmJgl6E gJecliQ6yZKdd enpqU2a9J+hu yeyNPMM3oLXXP UNfBPfJj2bBZ2 OBQ0f9auqLuo rKs6MTZI/veje /bUHD9cfxRubj 5887W89Ozaq1h QyqrjS44IY4E xCZpnlMK40EFF wOCkuPrX85BK0 YUp+sYsKpoKc STZnlFifmvVf5 JdEQ2UYVxJ/xG ny1b1518z6g2S YLAPfFelKDNA qDmZbvd95qWgt QFrKiTGTNKns1 BFtGeXQxHlto CL0gpzBxEtJBJ ipW+7f4B2fKfF caf+kxcvsvx2O CGMWovCVgthz E7I2+T82qe38w 9QxWdUWJL39aF 5zbBVuj4FLpo FavvCCUM38rpi eE02o9SeLd/JC 8bKdGucSvlElB JGly8efwTYub 0FRuHHTBFgGfD YKKrJOQRYOOOr goxCPOngU4tM OPg2x99rTv6Y3 cezdTkNv74rj3 WH6drh7mAz2tl e+r6OX6BV6jV L0Hu2hfXSAMkS RQ9foJ/oVseh7 dBX9uC2Neque 56gT0fUN4xzwg A==</latexit>
BP
<latexit sha1 _base64="rUoGP8tFWQGsYQn37 2CBhmQhwWk=">AAAC0nicbZFN T9wwEIa9oS009APosRerKyROq 2R7oEdEL5xW2y2BFZvVynEmYOG PyHaoligHxJVr+TH8k/6bOsse GtORLL16n5nx2JOVnBkbRX96wc ar1282t96G2+/ef/i4s7t3ZlS lKSRUcaWnGTHAmYTEMsthWmogI uNwnl1/b/n5DWjDlDy1yxLmgl xKVjBKrLMmx+PFTj8aRKvAL0W 8Fn20jvFit/eU5opWAqSlnBgzi 6PSzmuiLaMcmjCtDJSEXpNLmD kpiQAzr1ejNnjfOTkulHZHWrxy /62oiTBmKTKXKYi9Mj5rzf+xW WWLb/OaybKyIOnzRUXFsVW4fTf OmQZq+dIJQjVzs2J6RTSh1v1O uJ9miudt1zCV8IsqIYjM63T6E 2xTpy3IsnraNB6WHl+MvIykk5D 4DSYdPPHxqINHPr7o4AsfQ2kc vSHaCcaVbMLQbTv2d/tSnA0H8d fB8Mewf4TXe99Cn9EXdIBidIi O0AkaowRRVKAH9Bs9BqfBbXAX3 D+nBr11zSfUieDhLxfv6O0=</ latexit>
Fig. 2.5. Slow passage through a Turing-like bifurcation for the nonlocal reaction-diffusion
equation (2.6) (see [41, 81] for details). (a): Bifurcation diagram of the fast subsystem, where
ε = 0 and v is a parameter (blue); the homogeneous steady state undergoes a Turing-like bifurcation
at v ≈ 1.5. A time simulation with slowly-varying v, where ‖u‖2 changes slowly, displays a slow
passage through the bifurcation (red). (b) Spatiotemporal profile of the time simulation. On the
vertical axis we report both t and v, which increases linearly. Computations are performed with
interaction function w(x) = (2h)−1 1(−h,h)(x) and parameters h = 3, d = 0.05, b = 1, l = 5 and
ε = 0, 10−4.
Numerical results for this model are reported in Figure 2.6.
3. General setup for infinite dimensional problems. This section provides
the specific setup for ∞-fast, m-slow systems necessary such that centre manifold
theory from [44, 78] can be adopted.
3.1. Notation. We will use a unique symbol, | · |, to denote the 2-norm in Rn, for
any integer n. We indicate by X, Y , Z Banach spaces on the field R or C, endowed
with norms ‖·‖X , ‖·‖Y , and ‖·‖Z , respectively. Throughout this article, we will
assume the continuous embeddings Z ↪→ Y ↪→ X.
For a given Banach space X, we denote by Cη(R, X) the following weighted space:
(3.1) Cη(R, X) =
{
u ∈ C0(R, X) : ‖u‖Cη(R,X) = sup
t∈R
e−η|t| ‖u(t)‖X <∞
}
.
which is a Banach space equipped with the norm ‖·‖Cη(R,X).
Furthermore, we indicate by L(Z,X) the set of bounded linear operators from Z
to X and by Z∗, X∗ the dual spaces of Z and X, respectively. The adjoint of a linear
operator L ∈ L(Z,X) is the operator L∗ ∈ L(X∗, Z∗) satisfying
(3.2) 〈f, Lz〉X = 〈L∗f, z〉Z for all z ∈ Z and for all f ∈ X∗,
where 〈 · , · 〉X : X∗ ×X → R is the canonical duality pairing between X and its dual
X∗ (a similar definition holds for 〈 · , · 〉Z).
The resolvent set of a linear operator L : Z ⊂ X → X is the set of complex
numbers ρ(L) = {λ ∈ C : (λ id−L) is invertible and (λ id−L)−1 ∈ L(X)}, and the
spectrum of L is the complement of the resolvent set σ(L) = C \ ρ(L). A complex
number λ is called an eigenvalue of L if ker(λ id−L) 6= {0} and the non null elements
of this kernel are called the eigenvectors of L.
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v
<latexit sha1 _base64="Z14hdsiwQ0ANOW2ui 0N7PHItvD0=">AAAC0XicbZHJ btswEIZppW1cdcl27EWoG6AnQ 0oOyTFALjkZ2WQbtgyDosYJES4 CSTkwBAFBrr6mL9M3yduEcnyo 6A5A4Mf/zQyHnDRnVJswfG15Wx 8+ftpuf/a/fP32fWd3b7+vZaE IxEQyqYYp1sCogNhQw2CYK8A8Z TBIH85rPpiD0lSKW7PIYcLxna AzSrCx1tV8utsJu+Eqgk0RrUU HreNyutf6m2SSFByEIQxrPY7C3 ExKrAwlDCo/KTTkmDzgOxhbKT AHPSlXk1bBoXWyYCaVPcIEK/ff ihJzrRc8tZkcm3vtstr8HxsXZ nY6KanICwOCvF80K1hgZFA/O8i oAmLYwgpMFLWzBuQeK0yM/Rz/ MEkly+qufiLgkUjOscjKZHgDp iqTGqRpOawqBwuHT3tORtxIiN0 G1w187eJeA/dcPGrgkYsh15bO sbKCMikq37fbjtzdbor+UTc67h 5dhZ2zX+u9t9EP9BP9RhE6QWf oAl2iGBEEaIle0B/vxlt4T97ze 6rXWtccoEZ4yzeueejJ</late xit>1.6
<latexi t sha1_base64 ="GFZaMkJakl iFoKe65IDSCAK JvC8=">AAAC03 icbZHPTttAEM Y3Li3g0hLKsRe LFIlTZIMEHJG4 cIoo4CQijqL1e hJW7B9rdw2KL F+qXrnCu/RNeJ uukxzqTUda6dP 3m5md3UlzRrU Jw/eW92Hj46fN rW3/886Xr7vtv W99LQtFICaSST VMsQZGBcSGGg bDXAHmKYNB+nh Z88ETKE2luDPz HMYczwSdUoKN tW6j7umk3Qm74 SKCdRGtRAet4n qy1/qTZJIUHIQ hDGs9isLcjEu sDCUMKj8pNOSY POIZjKwUmIMel 4tZq+DQOlkwl coeYYKF+29Fib nWc57aTI7Ng3Z Zbf6PjQozPR+X VOSFAUGWF00L FhgZ1A8PMqqAG Da3AhNF7awBec AKE2O/xz9MUs myuqufCHgmknM ssjIZ3oKpyqQG aVoOq8rBwuGTn pMRNxJit8FNA 9+4uNfAPRffN/ C9iyHXlj5hZQV lUlS+b7cdubt dF/3jbnTSPf4Z di5+rPa+hb6jA 3SEInSGLtAVuk YxImiGXtArev Nir/R+eb+XqV5 rVbOPGuG9/AVF 5+j8</latexi t>
2.2
<latexit sha1_base64="OJy4 kwjsdh5vVN/aPgChc7wn4S8=">AAAC03icbZE9b9swEIZptUkc5 bsdswh1AmQyJHdoxgBZMhn5qGIjlmFQ1Nkhwg+BpBIYgpYgq9f2 v+Sf9N+UcjxUdA8g8OJ97o5HXpozqk0Y/ml5nz5vbG61t/2d3b 39g8OjL/daFopATCSTaphiDYwKiA01DIa5AsxTBoP06bLmg2dQm krx08xzGHM8E3RKCTbWuut1e5PDTtgNlxGsi2glOmgV15Oj1nuS SVJwEIYwrPUoCnMzLrEylDCo/KTQkGPyhGcwslJgDnpcLmetglP rZMFUKnuECZbuvxUl5lrPeWozOTaP2mW1+T82Ksz0fFxSkRcGBP m4aFqwwMigfniQUQXEsLkVmChqZw3II1aYGPs9/mmSSpbVXf1Ew AuRnGORlcnwDkxVJjVI03JYVQ4WDp/0nYy4kRC7DW4b+NbF/Qbu u/ihgR9cDLm29BkrKyiTovJ9u+3I3e26uO91o+/d3k3YuThZ7b 2NjtE3dIYi9ANdoCt0jWJE0Awt0C/024u90nv13j5Svdaq5itqh Lf4Cz6i6Pk=</latexit>
1
<latexi t sha1_base64 ="TBbDqMjNGU FjIZmYG69qZnQ ZKcQ=">AAAC0X icbZHLTuswEI bdcA+H+5JNREE 6qyqBBSyR2LCq uAUqmqpynClY+ BLZDqiKIiG2b OFleBPeBqd0QQ wjWfr1fzPjsSf NGdUmDD9b3sz s3PzC4pK//G9l dW19Y/Nay0IRi IlkUvVSrIFRAb GhhkEvV4B5yu AmfTip+c0jKE2 luDLjHAYc3wk6 ogQba51Hw/V2 2AknEfwW0VS00 TTOhhutjySTpO AgDGFY634U5mZ QYmUoYVD5SaE hx+QB30HfSoE5 6EE5mbQK9qyTB SOp7BEmmLg/K 0rMtR7z1GZybO 61y2rzL9YvzOh oUFKRFwYE+b5o VLDAyKB+dpBR BcSwsRWYKGpnD cg9VpgY+zn+Xp JKltVd/UTAE5 GcY5GVSe8STFU mNUjTsldVDhYO H3adjLiRELsNL hr4wsXdBu66+ LaBb10Mubb0ES srKJOi8n277cj d7W9xvd+JDjr 752H7eHe690W0 jXbQfxShQ3SMT tEZihFBgF7RG3 r3Lr2x9+y9fK d6rWnNFmqE9/o FBxjohA==</la texit>
1.04
<latexi t sha1_base64 ="adcRx9zHU1 1MeUYGzoY4yhD tjUU=">AAAC1H icbZFNT+MwEI bd7ALdLLB0OXK JtovEqUpgJTgi ceFU8bEpFU1VO c6UWvgjsh1QF XJCXLnCb+Gf7L 9Zp/SwMTuSpVf vMzMee9KcUW3 C8E/L+/R5ZXWt /cX/ur6x+W2r8 32gZaEIxEQyqY Yp1sCogNhQw2 CYK8A8ZXCV3p7 U/OoOlKZS/Dbz HMYc3wg6pQSb 2op64a/JVjfsh YsIPopoKbpoGW eTTustySQpOAh DGNZ6FIW5GZd YGUoYVH5SaMgx ucU3MLJSYA56X C6GrYJd62TBV Cp7hAkW7r8VJe Zaz3lqMzk2M+2 y2vwfGxVmejQu qcgLA4K8XzQt WGBkUL88yKgCY tjcCkwUtbMGZI YVJsb+j7+bpJ JldVc/EXBPJOd YZGUyvARTlUkN 0rQcVpWDhcMnf ScjbiTEboOLB r5wcb+B+y6+bu BrF0OuLb3Dygr KpKh83247cnf 7UQz2e9FBb/88 7B7/XO69jXbQD 7SHInSIjtEpOk MxImiGntELev UG3oP36D29p3q tZc02aoT3/Bfb 3ek0</latexi t>
1.08
<latexi t sha1_base64 ="y3+V5KYnHF n7DVH0TT7wGfK I3zQ=">AAAC1H icbZFNT+MwEI bd8B2+d49cIgo SpyqBAxyRuHCq WCCloqkqx5lSC 39EtgOqsjmt9 sqV/S37T/g3OK UHYhjJ0qv3mRm PPWnOqDZh+Nb yFhaXlldW1/z1 jc2t7Z3dHz0tC 0UgJpJJ1U+xBk YFxIYaBv1cAe Ypg7v08aLmd0+ gNJXi1kxzGHL8 IOiYEmxqK+qE Z6OddtgJZxF8F dFctNE8rka7rf 9JJknBQRjCsNa DKMzNsMTKUMK g8pNCQ47JI36A gZUCc9DDcjZsF RxaJwvGUtkjT DBzP1eUmGs95a nN5NhMtMtq8zs 2KMz4bFhSkRcG BPm4aFywwMig fnmQUQXEsKkVm ChqZw3IBCtMjP 0f/zBJJcvqrn 4i4JlIzrHIyqR /A6Yqkxqkadmv KgcLh4+6TkbcS IjdBtcNfO3ib gN3XXzfwPcuhl xb+oSVFZRJUfm +3Xbk7var6B1 3opPO8a+wfX4w 3/sq2kP76AhF6 BSdo0t0hWJE0A S9oFf0z+t5v7 0/3t+PVK81r/m JGuG9vAPlkek4 </latexit>
0.6
<latexit sha1_base64="M+iH /++PJGmUcpB8Lwcvq5Ovbmw=">AAAC03icbZHPTttAEMY3Li3g0 hLKsReLFIlTZIMEHJG4cIoo4CQijqL1ehJW7B9rdw2KLF+qXrnC u/RNeJuukxzqTUda6dP3m5md3UlzRrUJw/eW92Hj46fNrW3/88 6Xr7vtvW99LQtFICaSSTVMsQZGBcSGGgbDXAHmKYNB+nhZ88ETK E2luDPzHMYczwSdUoKNtW7D7umk3Qm74SKCdRGtRAet4nqy1/qT ZJIUHIQhDGs9isLcjEusDCUMKj8pNOSYPOIZjKwUmIMel4tZq+D QOlkwlcoeYYKF+29FibnWc57aTI7Ng3ZZbf6PjQozPR+XVOSFAU GWF00LFhgZ1A8PMqqAGDa3AhNF7awBecAKE2O/xz9MUsmyuqufC HgmknMssjIZ3oKpyqQGaVoOq8rBwuGTnpMRNxJit8FNA9+4uNfA PRffN/C9iyHXlj5hZQVlUlS+b7cdubtdF/3jbnTSPf4Zdi5+rP a+hb6jA3SEInSGLtAVukYxImiGXtArevNir/R+eb+XqV5rVbOPG uG9/AVDeOj7</latexit>
1.8
<latexit sha1_base64="tY8x ZQ70fi4VTdta17JrT8HOIGA=">AAAC03icbZFNT+MwEIbdwC4Qd hcKRy4RBWlPVQIHOCJx4VSVj0BFU1WOMy0W/ohsB1RFuaz2yhX+ C/+Ef4NTeiCGkSy9ep+Z8diT5oxqE4ZvLW9p+cfPldU1f/3X7z 8bm+2tay0LRSAmkkk1SLEGRgXEhhoGg1wB5imDm/T+tOY3D6A0l eLKzHIYcTwVdEIJNta6jLrH481O2A3nEXwV0UJ00CL643brNckk KTgIQxjWehiFuRmVWBlKGFR+UmjIMbnHUxhaKTAHPSrns1bBvnW yYCKVPcIEc/dzRYm51jOe2kyOzZ12WW1+x4aFmRyPSirywoAgHx dNChYYGdQPDzKqgBg2swITRe2sAbnDChNjv8ffT1LJsrqrnwh4J JJzLLIyGVyCqcqkBmlaDqrKwcLh456TETcSYrfBRQNfuLjXwD0X 3zbwrYsh15Y+YGUFZVJUvm+3Hbm7/SquD7rRYffgPOyc7C32vo p20C76iyJ0hE7QGeqjGBE0RU/oGb14sVd6/7z/H6lea1GzjRrhP b0DSsHo/g==</latexit>
u1
<latexit sha1_base64="hG+X MyL22IxD/ggu1/les7/lZWU=">AAAC03icbZHNTtwwEMe9KZ8p3 z1WlSK2SJxWCRzgBhIX1MOKQgMrNquV48wuFv6IbAe0inKpeuVa 3oU36TP0ATi2zi4HYhjJ0l//38x47ElzRrUJwz8t78Pc/MLi0r L/cWV1bX1jc+tSy0IRiIlkUvVSrIFRAbGhhkEvV4B5yuAqvT2p+ dUdKE2l+GEmOQw4Hgs6ogQba10Uw2i40Q474TSCtyJ6Ee2j539/ F7/dfzkbbraekkySgoMwhGGt+1GYm0GJlaGEQeUnhYYck1s8hr6 VAnPQg3I6axXsWCcLRlLZI0wwdV9XlJhrPeGpzeTY3GiX1eZ7rF +Y0eGgpCIvDAgyu2hUsMDIoH54kFEFxLCJFZgoamcNyA1WmBj7P f5OkkqW1V39RMA9kZxjkZVJ7wJMVSY1SNOyV1UOFg4fdp2MuJEQ uw3OG/jcxd0G7rr4uoGvXQy5tvQOKysok6LyfbvtyN3tW3G514 n2O3vfw/bxVzSLJfQZbaNdFKEDdIxO0RmKEUFj9IB+o0cv9krvp /drluq1Xmo+oUZ4D/8Ba2btcQ==</latexit>
1.7
<latexit sha1_base64="f1RT y8KH0pzr2RjqlVJ2D5/oky4=">AAAC03icbZFNT+MwEIbdwC4Qd hcKRy4RBWlPVQIHOCJx4VSVj0BFU1WOMy0W/ohsB1RFuaz2yhX+ C/+Ef4NTeiCGkSy9ep+Z8diT5oxqE4ZvLW9p+cfPldU1f/3X7z 8bm+2tay0LRSAmkkk1SLEGRgXEhhoGg1wB5imDm/T+tOY3D6A0l eLKzHIYcTwVdEIJNta6jLpH481O2A3nEXwV0UJ00CL643brNckk KTgIQxjWehiFuRmVWBlKGFR+UmjIMbnHUxhaKTAHPSrns1bBvnW yYCKVPcIEc/dzRYm51jOe2kyOzZ12WW1+x4aFmRyPSirywoAgHx dNChYYGdQPDzKqgBg2swITRe2sAbnDChNjv8ffT1LJsrqrnwh4J JJzLLIyGVyCqcqkBmlaDqrKwcLh456TETcSYrfBRQNfuLjXwD0X 3zbwrYsh15Y+YGUFZVJUvm+3Hbm7/SquD7rRYffgPOyc7C32vo p20C76iyJ0hE7QGeqjGBE0RU/oGb14sVd6/7z/H6lea1GzjRrhP b0DSFTo/Q==</latexit>
2.2
<latexit sha1_base64="OJy4 kwjsdh5vVN/aPgChc7wn4S8=">AAAC03icbZE9b9swEIZptUkc5 bsdswh1AmQyJHdoxgBZMhn5qGIjlmFQ1Nkhwg+BpBIYgpYgq9f2 v+Sf9N+UcjxUdA8g8OJ97o5HXpozqk0Y/ml5nz5vbG61t/2d3b 39g8OjL/daFopATCSTaphiDYwKiA01DIa5AsxTBoP06bLmg2dQm krx08xzGHM8E3RKCTbWuut1e5PDTtgNlxGsi2glOmgV15Oj1nuS SVJwEIYwrPUoCnMzLrEylDCo/KTQkGPyhGcwslJgDnpcLmetglP rZMFUKnuECZbuvxUl5lrPeWozOTaP2mW1+T82Ksz0fFxSkRcGBP m4aFqwwMigfniQUQXEsLkVmChqZw3II1aYGPs9/mmSSpbVXf1Ew AuRnGORlcnwDkxVJjVI03JYVQ4WDp/0nYy4kRC7DW4b+NbF/Qbu u/ihgR9cDLm29BkrKyiTovJ9u+3I3e26uO91o+/d3k3YuThZ7b 2NjtE3dIYi9ANdoCt0jWJE0Awt0C/024u90nv13j5Svdaq5itqh Lf4Cz6i6Pk=</latexit>
v
<latexit sha1_base64="Z14h dsiwQ0ANOW2ui0N7PHItvD0=">AAAC0XicbZHJbtswEIZppW1cd cl27EWoG6AnQ0oOyTFALjkZ2WQbtgyDosYJES4CSTkwBAFBrr6m L9M3yduEcnyo6A5A4Mf/zQyHnDRnVJswfG15Wx8+ftpuf/a/fP 32fWd3b7+vZaEIxEQyqYYp1sCogNhQw2CYK8A8ZTBIH85rPpiD0 lSKW7PIYcLxnaAzSrCx1tV8utsJu+Eqgk0RrUUHreNyutf6m2SS FByEIQxrPY7C3ExKrAwlDCo/KTTkmDzgOxhbKTAHPSlXk1bBoXW yYCaVPcIEK/ffihJzrRc8tZkcm3vtstr8HxsXZnY6KanICwOCvF 80K1hgZFA/O8ioAmLYwgpMFLWzBuQeK0yM/Rz/MEkly+qufiLgk UjOscjKZHgDpiqTGqRpOawqBwuHT3tORtxIiN0G1w187eJeA/dc PGrgkYsh15bOsbKCMikq37fbjtzdbor+UTc67h5dhZ2zX+u9t9 EP9BP9RhE6QWfoAl2iGBEEaIle0B/vxlt4T97ze6rXWtccoEZ4y zeueejJ</latexit>
1.7
<latexit sha1_base64="f1RT y8KH0pzr2RjqlVJ2D5/oky4=">AAAC03icbZFNT+MwEIbdwC4Qd hcKRy4RBWlPVQIHOCJx4VSVj0BFU1WOMy0W/ohsB1RFuaz2yhX+ C/+Ef4NTeiCGkSy9ep+Z8diT5oxqE4ZvLW9p+cfPldU1f/3X7z 8bm+2tay0LRSAmkkk1SLEGRgXEhhoGg1wB5imDm/T+tOY3D6A0l eLKzHIYcTwVdEIJNta6jLpH481O2A3nEXwV0UJ00CL643brNckk KTgIQxjWehiFuRmVWBlKGFR+UmjIMbnHUxhaKTAHPSrns1bBvnW yYCKVPcIEc/dzRYm51jOe2kyOzZ12WW1+x4aFmRyPSirywoAgHx dNChYYGdQPDzKqgBg2swITRe2sAbnDChNjv8ffT1LJsrqrnwh4J JJzLLIyGVyCqcqkBmlaDqrKwcLh456TETcSYrfBRQNfuLjXwD0X 3zbwrYsh15Y+YGUFZVJUvm+3Hbm7/SquD7rRYffgPOyc7C32vo p20C76iyJ0hE7QGeqjGBE0RU/oGb14sVd6/7z/H6lea1GzjRrhP b0DSFTo/Q==</latexit>
2.2
<latexit sha1_base64="OJy4 kwjsdh5vVN/aPgChc7wn4S8=">AAAC03icbZE9b9swEIZptUkc5 bsdswh1AmQyJHdoxgBZMhn5qGIjlmFQ1Nkhwg+BpBIYgpYgq9f2 v+Sf9N+UcjxUdA8g8OJ97o5HXpozqk0Y/ml5nz5vbG61t/2d3b 39g8OjL/daFopATCSTaphiDYwKiA01DIa5AsxTBoP06bLmg2dQm krx08xzGHM8E3RKCTbWuut1e5PDTtgNlxGsi2glOmgV15Oj1nuS SVJwEIYwrPUoCnMzLrEylDCo/KTQkGPyhGcwslJgDnpcLmetglP rZMFUKnuECZbuvxUl5lrPeWozOTaP2mW1+T82Ksz0fFxSkRcGBP m4aFqwwMigfniQUQXEsLkVmChqZw3II1aYGPs9/mmSSpbVXf1Ew AuRnGORlcnwDkxVJjVI03JYVQ4WDp/0nYy4kRC7DW4b+NbF/Qbu u/ihgR9cDLm29BkrKyiTovJ9u+3I3e26uO91o+/d3k3YuThZ7b 2NjtE3dIYi9ANdoCt0jWJE0Awt0C/024u90nv13j5Svdaq5itqh Lf4Cz6i6Pk=</latexit>
v
<latexit sha1_base64="Z14h dsiwQ0ANOW2ui0N7PHItvD0=">AAAC0XicbZHJbtswEIZppW1cd cl27EWoG6AnQ0oOyTFALjkZ2WQbtgyDosYJES4CSTkwBAFBrr6m L9M3yduEcnyo6A5A4Mf/zQyHnDRnVJswfG15Wx8+ftpuf/a/fP 32fWd3b7+vZaEIxEQyqYYp1sCogNhQw2CYK8A8ZTBIH85rPpiD0 lSKW7PIYcLxnaAzSrCx1tV8utsJu+Eqgk0RrUUHreNyutf6m2SS FByEIQxrPY7C3ExKrAwlDCo/KTTkmDzgOxhbKTAHPSlXk1bBoXW yYCaVPcIEK/ffihJzrRc8tZkcm3vtstr8HxsXZnY6KanICwOCvF 80K1hgZFA/O8ioAmLYwgpMFLWzBuQeK0yM/Rz/MEkly+qufiLgk UjOscjKZHgDpiqTGqRpOawqBwuHT3tORtxIiN0G1w187eJeA/dc PGrgkYsh15bOsbKCMikq37fbjtzdbor+UTc67h5dhZ2zX+u9t9 EP9BP9RhE6QWfoAl2iGBEEaIle0B/vxlt4T97ze6rXWtccoEZ4y zeueejJ</latexit>(a)
<latexi t sha1_base64 ="8XwaNvIgi3 WLZ7yEd64GW/X RoBU=">AAAC03 icbZFNT9tAEI Y3binUQAvtsRe rAQkukZ0e2iNS Lz1FfNQQEUfRe D0JK/bD2l2DI suXqleu7X/hn/ TfdB1yqJeOtNK r95mZnd3JS86 MjeM/veDFy41X m1uvw+2d3Tdv9 /bfXRpVaYopVV zpcQ4GOZOYWm Y5jkuNIHKOV/n t15Zf3aE2TMnv dlniVMBCsjmj YJ11cQTHs71+P IhXET0XyVr0yT pOZ/u9x6xQtBI oLeVgzCSJSzu tQVtGOTZhVhks gd7CAidOShBop vVq1iY6dE4Rz ZV2R9po5f5bUY MwZilylynA3hi fteb/2KSy8y/T msmysijp00Xz ikdWRe3Do4Jpp JYvnQCqmZs1oj eggVr3PeFhli tetF3DTOI9VUK ALOpsfIG2qbMW 5Hk9bhoPS4/PR l5G2klI/QbnH Xzu41EHj3x83c HXPsbSOHoH2gn GlWzC0G078Xf 7XFwOB8mnwfBs 2D85WO99i3wgH 8kRSchnckK+kV OSEkoW5IH8Ir +DNKiDH8HPp9S gt655TzoRPPwF jQHpGw==</la texit>
(b)
<latexi t sha1_base64 ="RGrkJ4f4uL 7LqCymZBtv36W F6vE=">AAAC03 icbZFNT9wwEI a9actH2vJRjly ibpHoZZUsh/aI xIXTigKBFZvVy nZmFwt/RLYDW kW5IK5c4b/0n/ BvcJY9NKYjWXr 1PjPjsYcUnBk bxy+d4MPHTyur a+vh5y9fNza3t r9dGFVqCilVXO khwQY4k5BaZj kMCw1YEA6X5Oa o4Ze3oA1T8tzO CxgLPJNsyii2 zjrbJz8nW924F y8iei+SpeiiZZ xMtjt/s1zRUoC 0lGNjRklc2HG FtWWUQx1mpYEC 0xs8g5GTEgsw4 2oxax3tOSePp kq7I220cP+tqL AwZi6IyxTYXhu fNeb/2Ki009/j ismitCDp20XT kkdWRc3Do5xpo JbPncBUMzdrRK +xxtS67wn3Mq J43nQNMwl3VAm BZV5lwzOwdZU1 gJBqWNcelh6fD LyMtJWQ+g1OW /jUx4MWHvj4qo WvfAyFcfQWayc YV7IOQ7ftxN/ te3HR7yUHvf6f fvfwx3Lva2gXf Uf7KEG/0CE6Ri coRRTN0CN6Qs 9BGlTBffDwlhp 0ljU7qBXB4yuP b+kc</latexi t>
36.3
<latexit sha1_base64="1zv5 XDs+IxT7LzEouL/PRw6eN6g=">AAAC1HicbZFNT9tAEIY35qPgA gV65GKRInGKbCK1PSL10lMEAYeIOIrW6wlZsR/W7poqcn2quOYK v6X/pP+m65ADXhhppVfvMzM7u5PmjGoThv9a3tr6xuaHrW3/48 7u3qf9g8OBloUiEBPJpBqmWAOjAmJDDYNhrgDzlMFNev+j5jcPo DSV4trMcxhzfCfolBJsaqv7tdOd7LfDTriM4K2IVqKNVnExOWj9 TTJJCg7CEIa1HkVhbsYlVoYSBpWfFBpyTO7xHYysFJiDHpfLYav gxDpZMJXKHmGCpfu6osRc6zlPbSbHZqZdVpvvsVFhpt/HJRV5YU CQl4umBQuMDOqXBxlVQAybW4GJonbWgMywwsTY//FPklSyrO7qJ wJ+Eck5FlmZDK/AVGVSgzQth1XlYOHwSc/JiBsJsdug38B9F/ca uOfi2wa+dTHk2tIHrKygTIrK9+22I3e3b8XgrBN1O2eXYfv8y2 rvW+gIHaNTFKFv6Bz9RBcoRgTN0AI9oWdv4P32/niPL6lea1XzG TXCW/wH7OzpOw==</latexit>
0
<latexit sha1_base64="hTGX hkhukAPKvsvJtS8mIjy4t24=">AAAC0XicbZFLT+MwEMfdsLzC8 lqOXKItSHuqEjjAEYnLnipeaas2VeU4U7DwI7IdUBVFWu2VK3wZ vgnfBqf0sHF3JEt//X8z47EnzRnVJgw/Wt7Kt9W19Y1Nf+v79s 7u3v6PnpaFIhATyaQapFgDowJiQw2DQa4A85RBP328rHn/CZSmU tyZWQ5jju8FnVKCjbWuw8leO+yE8wiWRbQQbbSIq8l+6z3JJCk4 CEMY1noUhbkZl1gZShhUflJoyDF5xPcwslJgDnpczietgmPrZMF UKnuECebuvxUl5lrPeGozOTYP2mW1+T82Ksz0fFxSkRcGBPm6aF qwwMigfnaQUQXEsJkVmChqZw3IA1aYGPs5/nGSSpbVXf1EwDORn GORlcngFkxVJjVI03JQVQ4WDp90nYy4kRC7DW4a+MbF3QbuunjY wEMXQ64tfcLKCsqkqHzfbjtyd7sseied6LRzch22L44We99Ah+ gn+oUidIYu0G90hWJEEKAX9IrevFtv5v3x/n6leq1FzQFqhPfyC QSr6IM=</latexit>
x
<latexit sha1_base64="gI9g hxehSHsX5jVzTqjtzUGSOtw=">AAAC0XicbZFNT+MwEIbdLF8bl q/luJeIgrSnKmEPyxGJC6eqBUIrmqpynClY+COyHaCKIqG9cl3+ DP+Ef4NTeti4O5KlV+8zMx570pxRbcLwveV9WVldW9/46m9+29 re2d37fq1loQjERDKphinWwKiA2FDDYJgrwDxlMEjvz2o+eAClq RRXZpbDmONbQaeUYGOt/tNktx12wnkEyyJaiDZaRG+y13pLMkkK DsIQhrUeRWFuxiVWhhIGlZ8UGnJM7vEtjKwUmIMel/NJq+DIOlk wlcoeYYK5+29FibnWM57aTI7NnXZZbf6PjQozPRmXVOSFAUE+L5 oWLDAyqJ8dZFQBMWxmBSaK2lkDcocVJsZ+jn+UpJJldVc/EfBIJ OdYZGUyvARTlUkN0rQcVpWDhcMnXScjbiTEboOLBr5wcbeBuy6+ aeAbF0OuLX3AygrKpKh83247cne7LK6PO9GvznE/bJ8eLva+gX 6gA/QTReg3OkXnqIdiRBCgF/QXvXqX3sx79v58pnqtRc0+aoT38 gGzU+jL</latexit> 36.3
<latexit sha1_base64="1zv5 XDs+IxT7LzEouL/PRw6eN6g=">AAAC1HicbZFNT9tAEIY35qPgA gV65GKRInGKbCK1PSL10lMEAYeIOIrW6wlZsR/W7poqcn2quOYK v6X/pP+m65ADXhhppVfvMzM7u5PmjGoThv9a3tr6xuaHrW3/48 7u3qf9g8OBloUiEBPJpBqmWAOjAmJDDYNhrgDzlMFNev+j5jcPo DSV4trMcxhzfCfolBJsaqv7tdOd7LfDTriM4K2IVqKNVnExOWj9 TTJJCg7CEIa1HkVhbsYlVoYSBpWfFBpyTO7xHYysFJiDHpfLYav gxDpZMJXKHmGCpfu6osRc6zlPbSbHZqZdVpvvsVFhpt/HJRV5YU CQl4umBQuMDOqXBxlVQAybW4GJonbWgMywwsTY//FPklSyrO7qJ wJ+Eck5FlmZDK/AVGVSgzQth1XlYOHwSc/JiBsJsdug38B9F/ca uOfi2wa+dTHk2tIHrKygTIrK9+22I3e3b8XgrBN1O2eXYfv8y2 rvW+gIHaNTFKFv6Bz9RBcoRgTN0AI9oWdv4P32/niPL6lea1XzG TXCW/wH7OzpOw==</latexit>
0
<latexit sha1_base64="hTGX hkhukAPKvsvJtS8mIjy4t24=">AAAC0XicbZFLT+MwEMfdsLzC8 lqOXKItSHuqEjjAEYnLnipeaas2VeU4U7DwI7IdUBVFWu2VK3wZ vgnfBqf0sHF3JEt//X8z47EnzRnVJgw/Wt7Kt9W19Y1Nf+v79s 7u3v6PnpaFIhATyaQapFgDowJiQw2DQa4A85RBP328rHn/CZSmU tyZWQ5jju8FnVKCjbWuw8leO+yE8wiWRbQQbbSIq8l+6z3JJCk4 CEMY1noUhbkZl1gZShhUflJoyDF5xPcwslJgDnpczietgmPrZMF UKnuECebuvxUl5lrPeGozOTYP2mW1+T82Ksz0fFxSkRcGBPm6aF qwwMigfnaQUQXEsJkVmChqZw3IA1aYGPs5/nGSSpbVXf1EwDORn GORlcngFkxVJjVI03JQVQ4WDp90nYy4kRC7DW4a+MbF3QbuunjY wEMXQ64tfcLKCsqkqHzfbjtyd7sseied6LRzch22L44We99Ah+ gn+oUidIYu0G90hWJEEKAX9IrevFtv5v3x/n6leq1FzQFqhPfyC QSr6IM=</latexit>
x
<latexit sha1_base64="gI9g hxehSHsX5jVzTqjtzUGSOtw=">AAAC0XicbZFNT+MwEIbdLF8bl q/luJeIgrSnKmEPyxGJC6eqBUIrmqpynClY+COyHaCKIqG9cl3+ DP+Ef4NTeti4O5KlV+8zMx570pxRbcLwveV9WVldW9/46m9+29 re2d37fq1loQjERDKphinWwKiA2FDDYJgrwDxlMEjvz2o+eAClq RRXZpbDmONbQaeUYGOt/tNktx12wnkEyyJaiDZaRG+y13pLMkkK DsIQhrUeRWFuxiVWhhIGlZ8UGnJM7vEtjKwUmIMel/NJq+DIOlk wlcoeYYK5+29FibnWM57aTI7NnXZZbf6PjQozPRmXVOSFAUE+L5 oWLDAyqJ8dZFQBMWxmBSaK2lkDcocVJsZ+jn+UpJJldVc/EfBIJ OdYZGUyvARTlUkN0rQcVpWDhcMnXScjbiTEboOLBr5wcbeBuy6+ aeAbF0OuLX3AygrKpKh83247cne7LK6PO9GvznE/bJ8eLva+gX 6gA/QTReg3OkXnqIdiRBCgF/QXvXqX3sx79v58pnqtRc0+aoT38 gGzU+jL</latexit>
∥u1∥2
<latexi t sha1_base64 ="FxUpeTvfaQ li/Olem65aEmi bEWA=">AAAC43 icbZHNTttAEM c3hrbU/UrgyGU FReopstNDe0Tq paeIUhwi4shar yewYj+s3TUos vwEvVW9cm3foW /C23TtcKgXRlr pr/9vZnY0k5e cGRtF94Nga/vZ 8xc7L8NXr9+8f Tcc7c6MqjSFhC qu9DwnBjiTkF hmOcxLDUTkHM7 z6y8tP78BbZiS Z3ZdwlKQS8lW jBLrrGw4SmegL a6yGHcqm2TDw2 gcdYEfi/hBHB5 voy5OstHgb1o oWgmQlnJizCKO SrusibaMcmjCt DJQEnpNLmHhp CQCzLLuZm/wkX MKvFLaPWlx5/5 fURNhzFrkLlMQ e2V81ppPsUVl V5+XNZNlZUHSz UerimOrcLsIXD AN1PK1E4Rq5m bF9IpoQq1bV3i U5ooXbdcwlXBL lRBEFnU6/w62q dMW5Hk9bxoPS 49nUy8j6SUkfo PTHj718bSHpz6 +6OELH0NpHL0 h2gnGlWzC0F07 9m/7WMwm4/jje PLNnf395uxoB+ 2jA/QBxegTOk Zf0QlKEEW36A7 9Rn8CCH4EP4Nf m9Rg8FCzh3oR 3P0DZkbvOA==< /latexit>
1.3
<latexi t sha1_base64 ="y9typdTxHN 8EoJEzeygpifz H8uI=">AAAC03 icbZFNT+MwEI bdwC4QdhcKRy4 RBWlPVQIHOCJx 4VSVj0BFU1WOM y0W/ohsB1RFu az2yhX+C/+Ef4 NTeiCGkSy9ep+ Z8diT5oxqE4Z vLW9p+cfPldU1 f/3X7z8bm+2ta y0LRSAmkkk1SL EGRgXEhhoGg1 wB5imDm/T+tOY 3D6A0leLKzHIY cTwVdEIJNta6 jLqH481O2A3nE XwV0UJ00CL643 brNckkKTgIQxj WehiFuRmVWBl KGFR+UmjIMbnH UxhaKTAHPSrns 1bBvnWyYCKVP cIEc/dzRYm51j Oe2kyOzZ12WW1 +x4aFmRyPSiry woAgHxdNChYY GdQPDzKqgBg2s wITRe2sAbnDCh Njv8ffT1LJsr qrnwh4JJJzLLI yGVyCqcqkBmla DqrKwcLh456TE TcSYrfBRQNfu LjXwD0X3zbwrY sh15Y+YGUFZVJ Uvm+3Hbm7/Sq uD7rRYffgPOyc 7C32vop20C76i yJ0hE7QGeqjGB E0RU/oGb14sV d6/7z/H6lea1G zjRrhPb0DPqDo +Q==</latexi t>
2
<latexit sha1_base64="OTkM PX3tjyaVD8qx3vBOVCXlUnw=">AAAC0XicbZHLTuswEIbdcA93W LKJKEisqqQsYIl0NqwqLidQ0VSV40zBwpfIdjiqokiILVt4Gd6E tzlO6YIYRrL06/9mxmNPmjOqTRh+try5+YXFpeUVf3VtfWNza3 vnRstCEYiJZFL1U6yBUQGxoYZBP1eAecrgNn38U/PbJ1CaSvHXT HIYcnwv6JgSbKx12R1ttcNOOI3gp4hmoo1mcTHabn0kmSQFB2EI w1oPojA3wxIrQwmDyk8KDTkmj/geBlYKzEEPy+mkVXBonSwYS2W PMMHU/V5RYq71hKc2k2PzoF1Wm7+xQWHGp8OSirwwIMjXReOCBU YG9bODjCoghk2swERRO2tAHrDCxNjP8Q+TVLKs7uonAv4RyTkWW Zn0r8FUZVKDNC37VeVg4fBRz8mIGwmx2+Cqga9c3GvgnovvGvjO xZBrS5+wsoIyKSrft9uO3N3+FDfdTnTc6V6G7bOD2d6X0R7aR0 coQifoDJ2jCxQjggC9ojf07l17E+/Ze/lK9Vqzml3UCO/1PwmF6 IU=</latexit>
v
<latexit sha1 _base64="Z14hdsiwQ0ANOW2ui 0N7PHItvD0=">AAAC0XicbZHJ btswEIZppW1cdcl27EWoG6AnQ 0oOyTFALjkZ2WQbtgyDosYJES4 CSTkwBAFBrr6mL9M3yduEcnyo 6A5A4Mf/zQyHnDRnVJswfG15Wx 8+ftpuf/a/fP32fWd3b7+vZaE IxEQyqYYp1sCogNhQw2CYK8A8Z TBIH85rPpiD0lSKW7PIYcLxna AzSrCx1tV8utsJu+Eqgk0RrUU HreNyutf6m2SSFByEIQxrPY7C3 ExKrAwlDCo/KTTkmDzgOxhbKT AHPSlXk1bBoXWyYCaVPcIEK/ff ihJzrRc8tZkcm3vtstr8HxsXZ nY6KanICwOCvF80K1hgZFA/O8i oAmLYwgpMFLWzBuQeK0yM/Rz/ MEkly+qufiLgkUjOscjKZHgDp iqTGqRpOawqBwuHT3tORtxIiN0 G1w187eJeA/dcPGrgkYsh15bO sbKCMikq37fbjtzdbor+UTc67h 5dhZ2zX+u9t9EP9BP9RhE6QWf oAl2iGBEEaIle0B/vxlt4T97ze 6rXWtccoEZ4yzeueejJ</late xit>
BP
<latexit sha1 _base64="rUoGP8tFWQGsYQn37 2CBhmQhwWk=">AAAC0nicbZFN T9wwEIa9oS009APosRerKyROq 2R7oEdEL5xW2y2BFZvVynEmYOG PyHaoligHxJVr+TH8k/6bOsse GtORLL16n5nx2JOVnBkbRX96wc ar1282t96G2+/ef/i4s7t3ZlS lKSRUcaWnGTHAmYTEMsthWmogI uNwnl1/b/n5DWjDlDy1yxLmgl xKVjBKrLMmx+PFTj8aRKvAL0W 8Fn20jvFit/eU5opWAqSlnBgzi 6PSzmuiLaMcmjCtDJSEXpNLmD kpiQAzr1ejNnjfOTkulHZHWrxy /62oiTBmKTKXKYi9Mj5rzf+xW WWLb/OaybKyIOnzRUXFsVW4fTf OmQZq+dIJQjVzs2J6RTSh1v1O uJ9miudt1zCV8IsqIYjM63T6E 2xTpy3IsnraNB6WHl+MvIykk5D 4DSYdPPHxqINHPr7o4AsfQ2kc vSHaCcaVbMLQbTv2d/tSnA0H8d fB8Mewf4TXe99Cn9EXdIBidIi O0AkaowRRVKAH9Bs9BqfBbXAX3 D+nBr11zSfUieDhLxfv6O0=</ latexit>
BP
<latexit sha1 _base64="rUoGP8tFWQGsYQn37 2CBhmQhwWk=">AAAC0nicbZFN T9wwEIa9oS009APosRerKyROq 2R7oEdEL5xW2y2BFZvVynEmYOG PyHaoligHxJVr+TH8k/6bOsse GtORLL16n5nx2JOVnBkbRX96wc ar1282t96G2+/ef/i4s7t3ZlS lKSRUcaWnGTHAmYTEMsthWmogI uNwnl1/b/n5DWjDlDy1yxLmgl xKVjBKrLMmx+PFTj8aRKvAL0W 8Fn20jvFit/eU5opWAqSlnBgzi 6PSzmuiLaMcmjCtDJSEXpNLmD kpiQAzr1ejNnjfOTkulHZHWrxy /62oiTBmKTKXKYi9Mj5rzf+xW WWLb/OaybKyIOnzRUXFsVW4fTf OmQZq+dIJQjVzs2J6RTSh1v1O uJ9miudt1zCV8IsqIYjM63T6E 2xTpy3IsnraNB6WHl+MvIykk5D 4DSYdPPHxqINHPr7o4AsfQ2kc vSHaCcaVbMLQbTv2d/tSnA0H8d fB8Mewf4TXe99Cn9EXdIBidIi O0AkaowRRVKAH9Bs9BqfBbXAX3 D+nBr11zSfUieDhLxfv6O0=</ latexit>
BP
<latexit sha1 _base64="rUoGP8tFWQGsYQn37 2CBhmQhwWk=">AAAC0nicbZFN T9wwEIa9oS009APosRerKyROq 2R7oEdEL5xW2y2BFZvVynEmYOG PyHaoligHxJVr+TH8k/6bOsse GtORLL16n5nx2JOVnBkbRX96wc ar1282t96G2+/ef/i4s7t3ZlS lKSRUcaWnGTHAmYTEMsthWmogI uNwnl1/b/n5DWjDlDy1yxLmgl xKVjBKrLMmx+PFTj8aRKvAL0W 8Fn20jvFit/eU5opWAqSlnBgzi 6PSzmuiLaMcmjCtDJSEXpNLmD kpiQAzr1ejNnjfOTkulHZHWrxy /62oiTBmKTKXKYi9Mj5rzf+xW WWLb/OaybKyIOnzRUXFsVW4fTf OmQZq+dIJQjVzs2J6RTSh1v1O uJ9miudt1zCV8IsqIYjM63T6E 2xTpy3IsnraNB6WHl+MvIykk5D 4DSYdPPHxqINHPr7o4AsfQ2kc vSHaCcaVbMLQbTv2d/tSnA0H8d fB8Mewf4TXe99Cn9EXdIBidIi O0AkaowRRVKAH9Bs9BqfBbXAX3 D+nBr11zSfUieDhLxfv6O0=</ latexit>
BP
<latexit sha1 _base64="rUoGP8tFWQGsYQn37 2CBhmQhwWk=">AAAC0nicbZFN T9wwEIa9oS009APosRerKyROq 2R7oEdEL5xW2y2BFZvVynEmYOG PyHaoligHxJVr+TH8k/6bOsse GtORLL16n5nx2JOVnBkbRX96wc ar1282t96G2+/ef/i4s7t3ZlS lKSRUcaWnGTHAmYTEMsthWmogI uNwnl1/b/n5DWjDlDy1yxLmgl xKVjBKrLMmx+PFTj8aRKvAL0W 8Fn20jvFit/eU5opWAqSlnBgzi 6PSzmuiLaMcmjCtDJSEXpNLmD kpiQAzr1ejNnjfOTkulHZHWrxy /62oiTBmKTKXKYi9Mj5rzf+xW WWLb/OaybKyIOnzRUXFsVW4fTf OmQZq+dIJQjVzs2J6RTSh1v1O uJ9miudt1zCV8IsqIYjM63T6E 2xTpy3IsnraNB6WHl+MvIykk5D 4DSYdPPHxqINHPr7o4AsfQ2kc vSHaCcaVbMLQbTv2d/tSnA0H8d fB8Mewf4TXe99Cn9EXdIBidIi O0AkaowRRVKAH9Bs9BqfBbXAX3 D+nBr11zSfUieDhLxfv6O0=</ latexit>
BP
<latexi t sha1_base64 ="rUoGP8tFWQ GsYQn372CBhmQ hwWk=">AAAC0n icbZFNT9wwEI a9oS009APosRe rKyROq2R7oEdE L5xW2y2BFZvVy nEmYOGPyHaol igHxJVr+TH8k/ 6bOsseGtORLL1 6n5nx2JOVnBk bRX96wcar1282 t96G2+/ef/i4s 7t3ZlSlKSRUca WnGTHAmYTEMs thWmogIuNwnl1 /b/n5DWjDlDy1 yxLmglxKVjBK rLMmx+PFTj8aR KvAL0W8Fn20jv Fit/eU5opWAqS lnBgzi6PSzmu iLaMcmjCtDJSE XpNLmDkpiQAzr 1ejNnjfOTkul HZHWrxy/62oiT BmKTKXKYi9Mj5 rzf+xWWWLb/Oa ybKyIOnzRUXF sVW4fTfOmQZq+ dIJQjVzs2J6RT Sh1v1OuJ9miu dt1zCV8IsqIYj M63T6E2xTpy3I snraNB6WHl+Mv Iykk5D4DSYdP PHxqINHPr7o4A sfQ2kcvSHaCca VbMLQbTv2d/t SnA0H8dfB8Mew f4TXe99Cn9EXd IBidIiO0Akaow RRVKAH9Bs9Bq fBbXAX3D+nBr1 1zSfUieDhLxfv 6O0=</latexi t>
SN
<latexi t sha1_base64 ="s6pa1kUbwu PBKYF/MQ8ympj Xwuo=">AAAC0n icbZFNT9wwEI a9KS00/QDKsRe LFVJPq2R7gCMS F04rWAis2KxWj jMBC39EtgNao hwQV67tj+k/6b /BWfbQmI5k6dX 7zIzHnqzkzNg o+tsL3q29/7C+ 8TH89PnL182t7 W8XRlWaQkIVV3 qSEQOcSUgssx wmpQYiMg6X2e1 Ryy/vQBum5Lld lDAT5FqyglFi nTU+G823+tEgW gZ+K+KV6KNVnM y3e3/SXNFKgLS UE2OmcVTaWU2 0ZZRDE6aVgZLQ W3INUyclEWBm9 XLUBu85J8eF0 u5Ii5fuvxU1Ec YsROYyBbE3xme t+T82rWxxMKuZ LCsLkr5eVFQc W4Xbd+OcaaCWL 5wgVDM3K6Y3RB Nq3e+Ee2mmeN 52DVMJ91QJQWR ep5MzsE2dtiDL 6knTeFh6fD7yM pJOQuI3GHfw2 MejDh75+KqDr3 wMpXH0jmgnGFe yCUO37djf7Vt xMRzEPwfD02H/ EK/2voG+o130A 8VoHx2iY3SCEk RRgZ7RL/Q7OA 8egsfg6TU16K1 qdlAngucXPGPo /A==</latexi t>
SN
<latexit sha1 _base64="s6pa1kUbwuPBKYF/M Q8ympjXwuo=">AAAC0nicbZFN T9wwEIa9KS00/QDKsReLFVJPq 2R7gCMSF04rWAis2KxWjjMBC39 EtgNaohwQV67tj+k/6b/BWfbQ mI5k6dX7zIzHnqzkzNgo+tsL3q 29/7C+8TH89PnL182t7W8XRlW aQkIVV3qSEQOcSUgssxwmpQYiM g6X2e1Ryy/vQBum5LldlDAT5F qyglFinTU+G823+tEgWgZ+K+K V6KNVnMy3e3/SXNFKgLSUE2Omc VTaWU20ZZRDE6aVgZLQW3INUy clEWBm9XLUBu85J8eF0u5Ii5fu vxU1EcYsROYyBbE3xmet+T82r WxxMKuZLCsLkr5eVFQcW4Xbd+O caaCWL5wgVDM3K6Y3RBNq3e+E e2mmeN52DVMJ91QJQWRep5Mzs E2dtiDL6knTeFh6fD7yMpJOQuI 3GHfw2MejDh75+KqDr3wMpXH0 jmgnGFeyCUO37djf7VtxMRzEPw fD02H/EK/2voG+o130A8VoHx2 iY3SCEkRRgZ7RL/Q7OA8egsfg6 TU16K1qdlAngucXPGPo/A==</ latexit>
1
<latexi t sha1_base64 ="cLf/8NVW6Z jNfect8Rfwpze vUw0=">AAAC0X icbZHLTuswEI bdcA93WLKJKEi sqqQsYIl0Nqwq LidQ0VSV40zBw pfIdjiqokiIL Vt4Gd6EtzlO6Y IYRrL06/9mxmN PmjOqTRh+try 5+YXFpeUVf3Vt fWNza3vnRstCE YiJZFL1U6yBUQ GxoYZBP1eAec rgNn38U/PbJ1C aSvHXTHIYcnwv 6JgSbKx1GY22 2mEnnEbwU0Qz0 UazuBhttz6STJ KCgzCEYa0HUZi bYYmVoYRB5Se FhhyTR3wPAysF 5qCH5XTSKji0T haMpbJHmGDqf q8oMdd6wlObyb F50C6rzd/YoDD j02FJRV4YEOTr onHBAiOD+tlB RhUQwyZWYKKon TUgD1hhYuzn+I dJKllWd/UTAf +I5ByLrEz612C qMqlBmpb9qnKw cPio52TEjYTYb XDVwFcu7jVwz 8V3DXznYsi1pU 9YWUGZFJXv221 H7m5/iptuJzr udC+77bOD2d6X 0R7aR0coQifoD J2jCxQjggC9oj f07l17E+/Ze/ lK9Vqzml3UCO/ 1Pwe46IY=</la texit>
1.35
<latexi t sha1_base64 ="bBsyTDhj8g 3AXg/dDWP8EJ+ tNz0=">AAAC1H icbZFNT9tAEI Y3boFgykfaIxe rAamnyA5C7RGJ S08RBRwi4ihar ydkxX5Yu2tQZ HyquHKlv6X/hH /DOuRQLx1ppVf vMzM7u5PmjGo Thi8t78PHtfWN 9qa/9Wl7Z3ev8 3moZaEIxEQyqU Yp1sCogNhQw2 CUK8A8ZXCV3p7 W/OoOlKZSXJpF DhOObwSdUYJN bUW9o+PpXjfsh csI3otoJbpoFW fTTutvkklScBC GMKz1OApzMym xMpQwqPyk0JBj cotvYGylwBz0p FwOWwWH1smCm VT2CBMs3X8rSs y1XvDUZnJs5tp ltfk/Ni7M7Mek pCIvDAjydtGs YIGRQf3yIKMKi GELKzBR1M4akD lWmBj7P/5hkk qW1V39RMA9kZx jkZXJ6AJMVSY1 SNNyVFUOFg6fD pyMuJEQuw3OG /jcxYMGHrj4uo GvXQy5tvQOKys ok6LyfbvtyN3 tezHs96KjXv9X v3tysNp7G+2jr +gbitB3dIJ+oj MUI4Lm6Ak9oz /e0HvwfnuPb6l ea1XzBTXCe3oF 5jTpOg==</la texit>
∥u1∥2
<latexi t sha1_base64 ="FxUpeTvfaQ li/Olem65aEmi bEWA=">AAAC43 icbZHNTttAEM c3hrbU/UrgyGU FReopstNDe0Tq paeIUhwi4shar yewYj+s3TUos vwEvVW9cm3foW /C23TtcKgXRlr pr/9vZnY0k5e cGRtF94Nga/vZ 8xc7L8NXr9+8f Tcc7c6MqjSFhC qu9DwnBjiTkF hmOcxLDUTkHM7 z6y8tP78BbZiS Z3ZdwlKQS8lW jBLrrGw4SmegL a6yGHcqm2TDw2 gcdYEfi/hBHB5 voy5OstHgb1o oWgmQlnJizCKO SrusibaMcmjCt DJQEnpNLmHhp CQCzLLuZm/wkX MKvFLaPWlx5/5 fURNhzFrkLlMQ e2V81ppPsUVl V5+XNZNlZUHSz UerimOrcLsIXD AN1PK1E4Rq5m bF9IpoQq1bV3i U5ooXbdcwlXBL lRBEFnU6/w62q dMW5Hk9bxoPS 49nUy8j6SUkfo PTHj718bSHpz6 +6OELH0NpHL0 h2gnGlWzC0F07 9m/7WMwm4/jje PLNnf395uxoB+ 2jA/QBxegTOk Zf0QlKEEW36A7 9Rn8CCH4EP4Nf m9Rg8FCzh3oR 3P0DZkbvOA==< /latexit>
0.55
<latexit sha1_base64="rKlW CB+2420UFIXWtqzPBksA8Mc=">AAAC1HicbZFNT9tAEIY3puXDt JTQIxerAamnyKZCcIzUC6eIL4eIOIrW6wlZsR/W7hoUuT4hrlzh t/Sf8G9YhxzqpSOt9Op9ZmZnd9KcUW3C8LXlrXz6vLq2vuFvfv m69W27vTPQslAEYiKZVMMUa2BUQGyoYTDMFWCeMrhKb3/X/OoOl KZSXJp5DmOObwSdUoJNbYXdw8PJdifshosIPopoKTpoGaeTdutv kklScBCGMKz1KApzMy6xMpQwqPyk0JBjcotvYGSlwBz0uFwMWwX 71smCqVT2CBMs3H8rSsy1nvPUZnJsZtpltfk/NirM9HhcUpEXBg R5v2hasMDIoH55kFEFxLC5FZgoamcNyAwrTIz9H38/SSXL6q5+I uCeSM6xyMpkeAGmKpMapGk5rCoHC4dP+k5G3EiI3QbnDXzu4n4D 91183cDXLoZcW3qHlRWUSVH5vt125O72oxgcdKNf3YOzsNPbW+ 59He2iH+gnitAR6qETdIpiRNAMPaFn9OINvD/eg/f4nuq1ljXfU SO8pzfoAOk5</latexit>
0.85
<latexit sha1_base64="NlEX 05Lo0eE5ZrriRgLpCdInAQI=">AAAC1HicbZHPTttAEMY3LgVqW iDlyMUiIPUU2VQVHCNx4RRRqENEHEXr9YSs2D/W7hoUGZ8QV670 WXiTvk3XIQe8MNJKn77fzOzsTpozqk0Y/mt5n1Y+r66tf/E3vn 7b3Npufx9oWSgCMZFMqmGKNTAqIDbUMBjmCjBPGVymNyc1v7wFp akUf8w8hzHH14JOKcGmtsLu8a/JdifshosI3otoKTpoGWeTdusl ySQpOAhDGNZ6FIW5GZdYGUoYVH5SaMgxucHXMLJSYA56XC6GrYI D62TBVCp7hAkW7tuKEnOt5zy1mRybmXZZbX7ERoWZHo9LKvLCgC CvF00LFhgZ1C8PMqqAGDa3AhNF7awBmWGFibH/4x8kqWRZ3dVPB NwRyTkWWZkML8BUZVKDNC2HVeVg4fBJ38mIGwmx2+C8gc9d3G/g vouvGvjKxZBrS2+xsoIyKSrft9uO3N2+F4PDbvSze/g77PT2l3 tfR7toD/1AETpCPXSKzlCMCJqhJ/SM/noD79578B5fU73WsmYHN cJ7+g/vSuk8</latexit>
u2
<latexit sha1_base64="AvRO 4iYDlRyas6Xfd/3WdLvwDT0=">AAAC03icbZHNTttAEMc37gfgf kE5VkhWU6SeIjs9wI1IXCoOEQUMEXEUrdeTsGI/rN01UWT5UnHl St+lb8Iz8AAcYZ1wqJeOtNJf/9/M7OxOmjOqTRjetbxXr9+8XV ld89+9//Dx0/rG51MtC0UgJpJJNUixBkYFxIYaBoNcAeYpg7P0c r/mZ1egNJXixMxzGHE8FXRCCTbWOi7G3fF6O+yEiwheiuhZtPce Hu9XDmZbh+ON1t8kk6TgIAxhWOthFOZmVGJlKGFQ+UmhIcfkEk9 haKXAHPSoXMxaBdvWyYKJVPYIEyzcfytKzLWe89RmcmwutMtq83 9sWJjJ7qikIi8MCLK8aFKwwMigfniQUQXEsLkVmChqZw3IBVaYG Ps9/naSSpbVXf1EwIxIzrHIymRwDKYqkxqkaTmoKgcLh4/7Tkbc SIjdBkcNfOTifgP3XXzewOcuhlxbeoWVFZRJUfm+3Xbk7valOO 12oh+d7q+w3fuGlrGKvqCv6DuK0A7qoZ/oEMWIoCm6Qbfojxd7p ffbu16meq3nmk3UCO/mCW3T7XI=</latexit>
36.3
<latexit sha1_base64="1zv5 XDs+IxT7LzEouL/PRw6eN6g=">AAAC1HicbZFNT9tAEIY35qPgA gV65GKRInGKbCK1PSL10lMEAYeIOIrW6wlZsR/W7poqcn2quOYK v6X/pP+m65ADXhhppVfvMzM7u5PmjGoThv9a3tr6xuaHrW3/48 7u3qf9g8OBloUiEBPJpBqmWAOjAmJDDYNhrgDzlMFNev+j5jcPo DSV4trMcxhzfCfolBJsaqv7tdOd7LfDTriM4K2IVqKNVnExOWj9 TTJJCg7CEIa1HkVhbsYlVoYSBpWfFBpyTO7xHYysFJiDHpfLYav gxDpZMJXKHmGCpfu6osRc6zlPbSbHZqZdVpvvsVFhpt/HJRV5YU CQl4umBQuMDOqXBxlVQAybW4GJonbWgMywwsTY//FPklSyrO7qJ wJ+Eck5FlmZDK/AVGVSgzQth1XlYOHwSc/JiBsJsdug38B9F/ca uOfi2wa+dTHk2tIHrKygTIrK9+22I3e3b8XgrBN1O2eXYfv8y2 rvW+gIHaNTFKFv6Bz9RBcoRgTN0AI9oWdv4P32/niPL6lea1XzG TXCW/wH7OzpOw==</latexit>
0
<latexit sha1_base64="hTGX hkhukAPKvsvJtS8mIjy4t24=">AAAC0XicbZFLT+MwEMfdsLzC8 lqOXKItSHuqEjjAEYnLnipeaas2VeU4U7DwI7IdUBVFWu2VK3wZ vgnfBqf0sHF3JEt//X8z47EnzRnVJgw/Wt7Kt9W19Y1Nf+v79s 7u3v6PnpaFIhATyaQapFgDowJiQw2DQa4A85RBP328rHn/CZSmU tyZWQ5jju8FnVKCjbWuw8leO+yE8wiWRbQQbbSIq8l+6z3JJCk4 CEMY1noUhbkZl1gZShhUflJoyDF5xPcwslJgDnpczietgmPrZMF UKnuECebuvxUl5lrPeGozOTYP2mW1+T82Ksz0fFxSkRcGBPm6aF qwwMigfnaQUQXEsJkVmChqZw3IA1aYGPs5/nGSSpbVXf1EwDORn GORlcngFkxVJjVI03JQVQ4WDp90nYy4kRC7DW4a+MbF3QbuunjY wEMXQ64tfcLKCsqkqHzfbjtyd7sseied6LRzch22L44We99Ah+ gn+oUidIYu0G90hWJEEKAX9IrevFtv5v3x/n6leq1FzQFqhPfyC QSr6IM=</latexit>
x
<latexit sha1_base64="gI9g hxehSHsX5jVzTqjtzUGSOtw=">AAAC0XicbZFNT+MwEIbdLF8bl q/luJeIgrSnKmEPyxGJC6eqBUIrmqpynClY+COyHaCKIqG9cl3+ DP+Ef4NTeti4O5KlV+8zMx570pxRbcLwveV9WVldW9/46m9+29 re2d37fq1loQjERDKphinWwKiA2FDDYJgrwDxlMEjvz2o+eAClq RRXZpbDmONbQaeUYGOt/tNktx12wnkEyyJaiDZaRG+y13pLMkkK DsIQhrUeRWFuxiVWhhIGlZ8UGnJM7vEtjKwUmIMel/NJq+DIOlk wlcoeYYK5+29FibnWM57aTI7NnXZZbf6PjQozPRmXVOSFAUE+L5 oWLDAyqJ8dZFQBMWxmBSaK2lkDcocVJsZ+jn+UpJJldVc/EfBIJ OdYZGUyvARTlUkN0rQcVpWDhcMnXScjbiTEboOLBr5wcbeBuy6+ aeAbF0OuLX3AygrKpKh83247cne7LK6PO9GvznE/bJ8eLva+gX 6gA/QTReg3OkXnqIdiRBCgF/QXvXqX3sx79v58pnqtRc0+aoT38 gGzU+jL</latexit> 36.3
<latexit sha1_base64="1zv5 XDs+IxT7LzEouL/PRw6eN6g=">AAAC1HicbZFNT9tAEIY35qPgA gV65GKRInGKbCK1PSL10lMEAYeIOIrW6wlZsR/W7poqcn2quOYK v6X/pP+m65ADXhhppVfvMzM7u5PmjGoThv9a3tr6xuaHrW3/48 7u3qf9g8OBloUiEBPJpBqmWAOjAmJDDYNhrgDzlMFNev+j5jcPo DSV4trMcxhzfCfolBJsaqv7tdOd7LfDTriM4K2IVqKNVnExOWj9 TTJJCg7CEIa1HkVhbsYlVoYSBpWfFBpyTO7xHYysFJiDHpfLYav gxDpZMJXKHmGCpfu6osRc6zlPbSbHZqZdVpvvsVFhpt/HJRV5YU CQl4umBQuMDOqXBxlVQAybW4GJonbWgMywwsTY//FPklSyrO7qJ wJ+Eck5FlmZDK/AVGVSgzQth1XlYOHwSc/JiBsJsdug38B9F/ca uOfi2wa+dTHk2tIHrKygTIrK9+22I3e3b8XgrBN1O2eXYfv8y2 rvW+gIHaNTFKFv6Bz9RBcoRgTN0AI9oWdv4P32/niPL6lea1XzG TXCW/wH7OzpOw==</latexit>
0
<latexit sha1_base64="hTGX hkhukAPKvsvJtS8mIjy4t24=">AAAC0XicbZFLT+MwEMfdsLzC8 lqOXKItSHuqEjjAEYnLnipeaas2VeU4U7DwI7IdUBVFWu2VK3wZ vgnfBqf0sHF3JEt//X8z47EnzRnVJgw/Wt7Kt9W19Y1Nf+v79s 7u3v6PnpaFIhATyaQapFgDowJiQw2DQa4A85RBP328rHn/CZSmU tyZWQ5jju8FnVKCjbWuw8leO+yE8wiWRbQQbbSIq8l+6z3JJCk4 CEMY1noUhbkZl1gZShhUflJoyDF5xPcwslJgDnpczietgmPrZMF UKnuECebuvxUl5lrPeGozOTYP2mW1+T82Ksz0fFxSkRcGBPm6aF qwwMigfnaQUQXEsJkVmChqZw3IA1aYGPs5/nGSSpbVXf1EwDORn GORlcngFkxVJjVI03JQVQ4WDp90nYy4kRC7DW4a+MbF3QbuunjY wEMXQ64tfcLKCsqkqHzfbjtyd7sseied6LRzch22L44We99Ah+ gn+oUidIYu0G90hWJEEKAX9IrevFtv5v3x/n6leq1FzQFqhPfyC QSr6IM=</latexit>
x
<latexit sha1_base64="gI9g hxehSHsX5jVzTqjtzUGSOtw=">AAAC0XicbZFNT+MwEIbdLF8bl q/luJeIgrSnKmEPyxGJC6eqBUIrmqpynClY+COyHaCKIqG9cl3+ DP+Ef4NTeti4O5KlV+8zMx570pxRbcLwveV9WVldW9/46m9+29 re2d37fq1loQjERDKphinWwKiA2FDDYJgrwDxlMEjvz2o+eAClq RRXZpbDmONbQaeUYGOt/tNktx12wnkEyyJaiDZaRG+y13pLMkkK DsIQhrUeRWFuxiVWhhIGlZ8UGnJM7vEtjKwUmIMel/NJq+DIOlk wlcoeYYK5+29FibnWM57aTI7NnXZZbf6PjQozPRmXVOSFAUE+L5 oWLDAyqJ8dZFQBMWxmBSaK2lkDcocVJsZ+jn+UpJJldVc/EfBIJ OdYZGUyvARTlUkN0rQcVpWDhcMnXScjbiTEboOLBr5wcbeBuy6+ aeAbF0OuLX3AygrKpKh83247cne7LK6PO9GvznE/bJ8eLva+gX 6gA/QTReg3OkXnqIdiRBCgF/QXvXqX3sx79v58pnqtRc0+aoT38 gGzU+jL</latexit>
u1
<latexit sha1_base64="hG+X MyL22IxD/ggu1/les7/lZWU=">AAAC03icbZHNTtwwEMe9KZ8p3 z1WlSK2SJxWCRzgBhIX1MOKQgMrNquV48wuFv6IbAe0inKpeuVa 3oU36TP0ATi2zi4HYhjJ0l//38x47ElzRrUJwz8t78Pc/MLi0r L/cWV1bX1jc+tSy0IRiIlkUvVSrIFRAbGhhkEvV4B5yuAqvT2p+ dUdKE2l+GEmOQw4Hgs6ogQba10Uw2i40Q474TSCtyJ6Ee2j539/ F7/dfzkbbraekkySgoMwhGGt+1GYm0GJlaGEQeUnhYYck1s8hr6 VAnPQg3I6axXsWCcLRlLZI0wwdV9XlJhrPeGpzeTY3GiX1eZ7rF +Y0eGgpCIvDAgyu2hUsMDIoH54kFEFxLCJFZgoamcNyA1WmBj7P f5OkkqW1V39RMA9kZxjkZVJ7wJMVSY1SNOyV1UOFg4fdp2MuJEQ uw3OG/jcxd0G7rr4uoGvXQy5tvQOKysok6LyfbvtyN3tW3G514 n2O3vfw/bxVzSLJfQZbaNdFKEDdIxO0RmKEUFj9IB+o0cv9krvp /drluq1Xmo+oUZ4D/8Ba2btcQ==</latexit>
0.5
<latexit sha1_base64="O7hV fSY5WlFLh/M4VyTbSNdVRQA=">AAAC03icbZHPTttAEMY3bilgS oH22IvVgNRTZAchOCL10lNECSZR4iharydhxf6xdtegyPIFceUK 79I36dt0neSAF0Za6dP3m5md3UlzRrUJw38t78PHjU+bW9v+zu fdL3v7B1+vtSwUgZhIJtUwxRoYFRAbahgMcwWYpwwG6e2vmg/uQ GkqxZVZ5DDheC7ojBJsrNUPOyfT/XbYCZcRvBXRWrTROi6mB62/ SSZJwUEYwrDW4yjMzaTEylDCoPKTQkOOyS2ew9hKgTnoSbmctQq OrJMFM6nsESZYuq8rSsy1XvDUZnJsbrTLavM9Ni7M7GxSUpEXBg RZXTQrWGBkUD88yKgCYtjCCkwUtbMG5AYrTIz9Hv8oSSXL6q5+I uCeSM6xyMpk2AdTlUkN0rQcVpWDhcOnPScjbiTEboPLBr50ca+B ey4eNfDIxZBrS++wsoIyKSrft9uO3N2+FdfdTnTc6f7pts8P13 vfQt/RD/QTRegUnaPf6ALFiKA5ekLP6MWLvdJ78B5XqV5rXfMNN cJ7+g9Bq+j8</latexit>
3
<latexit sha1_base64="5Ksr 72d/zR54PhOqA2S7H1jzBi0=">AAAC0XicbZFNT+MwEIbdsLuU7 Bdlj1yi7SLtqUrKYTkiceFUlY+UiqaqHGcKFv6IbAdURZEQ117h z/BP9t/glB427o5k6dX7zIzHnjRnVJsw/Nvytj58/LTd3vE/f/ n67ftuZ2+kZaEIxEQyqcYp1sCogNhQw2CcK8A8ZXCV3p3U/Ooel KZSXJpFDlOObwSdU4KNtc4OZ7vdsBeuItgU0Vp00TqGs07rNckk KTgIQxjWehKFuZmWWBlKGFR+UmjIMbnDNzCxUmAOelquJq2CA+t kwVwqe4QJVu6/FSXmWi94ajM5NrfaZbX5PzYpzPxoWlKRFwYEeb 9oXrDAyKB+dpBRBcSwhRWYKGpnDcgtVpgY+zn+QZJKltVd/UTAA 5GcY5GVyfgCTFUmNUjTclxVDhYOnw2cjLiRELsNzhv43MWDBh64 +LqBr10Mubb0HisrKJOi8n277cjd7aYY9XvRYa9/1u8e/1rvvY 320U/0G0XoDzpGp2iIYkQQoCV6Ri/ehbfwHr2n91Svta75gRrhL d8ADJLoiA==</latexit>
u2
<latexit sha1_base64="AvRO 4iYDlRyas6Xfd/3WdLvwDT0=">AAAC03icbZHNTttAEMc37gfgf kE5VkhWU6SeIjs9wI1IXCoOEQUMEXEUrdeTsGI/rN01UWT5UnHl St+lb8Iz8AAcYZ1wqJeOtNJf/9/M7OxOmjOqTRjetbxXr9+8XV ld89+9//Dx0/rG51MtC0UgJpJJNUixBkYFxIYaBoNcAeYpg7P0c r/mZ1egNJXixMxzGHE8FXRCCTbWOi7G3fF6O+yEiwheiuhZtPce Hu9XDmZbh+ON1t8kk6TgIAxhWOthFOZmVGJlKGFQ+UmhIcfkEk9 haKXAHPSoXMxaBdvWyYKJVPYIEyzcfytKzLWe89RmcmwutMtq83 9sWJjJ7qikIi8MCLK8aFKwwMigfniQUQXEsLkVmChqZw3IBVaYG Ps9/naSSpbVXf1EwIxIzrHIymRwDKYqkxqkaTmoKgcLh4/7Tkbc SIjdBkcNfOTifgP3XXzewOcuhlxbeoWVFZRJUfm+3Xbk7valOO 12oh+d7q+w3fuGlrGKvqCv6DuK0A7qoZ/oEMWIoCm6Qbfojxd7p ffbu16meq3nmk3UCO/mCW3T7XI=</latexit>
0.4
<latexit sha1_base64="ZWKC R8N55DuqEx7XZDX/Iuz7Axw=">AAAC03icbZHPTttAEMY3bilgS oH22IvVgNRTZAckOCL10lNECSZR4iharydhxf6xdtegyPIFceUK 79I36dt0neSAF0Za6dP3m5md3UlzRrUJw38t78PHjU+bW9v+zu fdL3v7B1+vtSwUgZhIJtUwxRoYFRAbahgMcwWYpwwG6e2vmg/uQ GkqxZVZ5DDheC7ojBJsrNUPOyfT/XbYCZcRvBXRWrTROi6mB62/ SSZJwUEYwrDW4yjMzaTEylDCoPKTQkOOyS2ew9hKgTnoSbmctQq OrJMFM6nsESZYuq8rSsy1XvDUZnJsbrTLavM9Ni7M7GxSUpEXBg RZXTQrWGBkUD88yKgCYtjCCkwUtbMG5AYrTIz9Hv8oSSXL6q5+I uCeSM6xyMpk2AdTlUkN0rQcVpWDhcOnPScjbiTEboPLBr50ca+B ey4eNfDIxZBrS++wsoIyKSrft9uO3N2+FdfdTnTc6f7pts8P13 vfQt/RD/QTRegUnaPf6ALFiKA5ekLP6MWLvdJ78B5XqV5rXfMNN cJ7+g8/Puj7</latexit>
0.9
<latexit sha1_base64="0SSp EbCniyL4DNKQ7z+ziA8wiPw=">AAAC03icbZHPTttAEMY3bilgS oH22IvVgNRTZIcDcEPqpaeIEkyixFG0Xk/Civ1j7a5BkeUL4soV 3qVv0rfpOskBL4y00qfvNzM7u5PmjGoThv9a3oePG582t7b9nc +7X/b2D75ea1koAjGRTKphijUwKiA21DAY5gowTxkM0ttfNR/cg dJUiiuzyGHC8VzQGSXYWKsfds6m++2wEy4jeCuitWijdVxMD1p/ k0ySgoMwhGGtx1GYm0mJlaGEQeUnhYYck1s8h7GVAnPQk3I5axU cWScLZlLZI0ywdF9XlJhrveCpzeTY3GiX1eZ7bFyY2emkpCIvDA iyumhWsMDIoH54kFEFxLCFFZgoamcNyA1WmBj7Pf5RkkqW1V39R MA9kZxjkZXJsA+mKpMapGk5rCoHC4dPe05G3EiI3QaXDXzp4l4D 91w8auCRiyHXlt5hZQVlUlS+b7cdubt9K667nei40/3TbZ8frv e+hb6jH+gnitAJOke/0QWKEUFz9ISe0YsXe6X34D2uUr3WuuYba oT39B9LX+kA</latexit>
v
<latexit sha1_base64="Z14h dsiwQ0ANOW2ui0N7PHItvD0=">AAAC0XicbZHJbtswEIZppW1cd cl27EWoG6AnQ0oOyTFALjkZ2WQbtgyDosYJES4CSTkwBAFBrr6m L9M3yduEcnyo6A5A4Mf/zQyHnDRnVJswfG15Wx8+ftpuf/a/fP 32fWd3b7+vZaEIxEQyqYYp1sCogNhQw2CYK8A8ZTBIH85rPpiD0 lSKW7PIYcLxnaAzSrCx1tV8utsJu+Eqgk0RrUUHreNyutf6m2SS FByEIQxrPY7C3ExKrAwlDCo/KTTkmDzgOxhbKTAHPSlXk1bBoXW yYCaVPcIEK/ffihJzrRc8tZkcm3vtstr8HxsXZnY6KanICwOCvF 80K1hgZFA/O8ioAmLYwgpMFLWzBuQeK0yM/Rz/MEkly+qufiLgk UjOscjKZHgDpiqTGqRpOawqBwuHT3tORtxIiN0G1w187eJeA/dc PGrgkYsh15bOsbKCMikq37fbjtzdbor+UTc67h5dhZ2zX+u9t9 EP9BP9RhE6QWfoAl2iGBEEaIle0B/vxlt4T97ze6rXWtccoEZ4y zeueejJ</latexit>
1.3
<latexit sha1_base64="6Ycs tS9S0K218yXDuEhXB/3/rS4=">AAAC03icbZHPTttAEMY3pi1g2 hLgyMVqQOopssMBjpG4cIoo4BARR9F6PQkr9o+1uwZFli9Vr1zh XfomvA3rkEO96Ugrffp+M7OzO2nOqDZh+NbyNj59/rK5te3vfP 32fbe9tz/UslAEYiKZVKMUa2BUQGyoYTDKFWCeMrhNH85rfvsIS lMpbswihwnHc0FnlGBjreuoezJtd8JuuIxgXUQr0UGruJzutf4m mSQFB2EIw1qPozA3kxIrQwmDyk8KDTkmD3gOYysF5qAn5XLWKji 2ThbMpLJHmGDp/ltRYq71gqc2k2Nzr11Wm/9j48LMziYlFXlhQJ CPi2YFC4wM6ocHGVVADFtYgYmidtaA3GOFibHf4x8nqWRZ3dVPB DwRyTkWWZmMrsFUZVKDNC1HVeVg4fDpwMmIGwmx2+Cqga9cPGjg gYvvGvjOxZBrSx+xsoIyKSrft9uO3N2ui2GvG510e796nf7Rau 9b6BD9QD9RhE5RH12gSxQjguboGb2gVy/2Su+39+cj1Wutag5QI 7zndz9A6Ps=</latexit>
1.8
<latexit sha1_base64="qqqn yaa1UUdzbkYlBYVj/oRPAI0=">AAAC03icbZHPTttAEMY3pi1g2 hLgyMVqQOopssMBjpG4cIoo4BARR9F6PQkr9o+1uwZFli9Vr1zh XfomvA3rkEO96Ugrffp+M7OzO2nOqDZh+NbyNj59/rK5te3vfP 32fbe9tz/UslAEYiKZVKMUa2BUQGyoYTDKFWCeMrhNH85rfvsIS lMpbswihwnHc0FnlGBjreuoezZtd8JuuIxgXUQr0UGruJzutf4m mSQFB2EIw1qPozA3kxIrQwmDyk8KDTkmD3gOYysF5qAn5XLWKji 2ThbMpLJHmGDp/ltRYq71gqc2k2Nzr11Wm/9j48LMziYlFXlhQJ CPi2YFC4wM6ocHGVVADFtYgYmidtaA3GOFibHf4x8nqWRZ3dVPB DwRyTkWWZmMrsFUZVKDNC1HVeVg4fDpwMmIGwmx2+Cqga9cPGjg gYvvGvjOxZBrSx+xsoIyKSrft9uO3N2ui2GvG510e796nf7Rau 9b6BD9QD9RhE5RH12gSxQjguboGb2gVy/2Su+39+cj1Wutag5QI 7znd0th6QA=</latexit>
v
<latexit sha1_base64="Z14h dsiwQ0ANOW2ui0N7PHItvD0=">AAAC0XicbZHJbtswEIZppW1cd cl27EWoG6AnQ0oOyTFALjkZ2WQbtgyDosYJES4CSTkwBAFBrr6m L9M3yduEcnyo6A5A4Mf/zQyHnDRnVJswfG15Wx8+ftpuf/a/fP 32fWd3b7+vZaEIxEQyqYYp1sCogNhQw2CYK8A8ZTBIH85rPpiD0 lSKW7PIYcLxnaAzSrCx1tV8utsJu+Eqgk0RrUUHreNyutf6m2SS FByEIQxrPY7C3ExKrAwlDCo/KTTkmDzgOxhbKTAHPSlXk1bBoXW yYCaVPcIEK/ffihJzrRc8tZkcm3vtstr8HxsXZnY6KanICwOCvF 80K1hgZFA/O8ioAmLYwgpMFLWzBuQeK0yM/Rz/MEkly+qufiLgk UjOscjKZHgDpiqTGqRpOawqBwuHT3tORtxIiN0G1w187eJeA/dc PGrgkYsh15bOsbKCMikq37fbjtzdbor+UTc67h5dhZ2zX+u9t9 EP9BP9RhE6QWfoAl2iGBEEaIle0B/vxlt4T97ze6rXWtccoEZ4y zeueejJ</latexit>
1.8
<latexit sha1_base64="qqqn yaa1UUdzbkYlBYVj/oRPAI0=">AAAC03icbZHPTttAEMY3pi1g2 hLgyMVqQOopssMBjpG4cIoo4BARR9F6PQkr9o+1uwZFli9Vr1zh XfomvA3rkEO96Ugrffp+M7OzO2nOqDZh+NbyNj59/rK5te3vfP 32fbe9tz/UslAEYiKZVKMUa2BUQGyoYTDKFWCeMrhNH85rfvsIS lMpbswihwnHc0FnlGBjreuoezZtd8JuuIxgXUQr0UGruJzutf4m mSQFB2EIw1qPozA3kxIrQwmDyk8KDTkmD3gOYysF5qAn5XLWKji 2ThbMpLJHmGDp/ltRYq71gqc2k2Nzr11Wm/9j48LMziYlFXlhQJ CPi2YFC4wM6ocHGVVADFtYgYmidtaA3GOFibHf4x8nqWRZ3dVPB DwRyTkWWZmMrsFUZVKDNC1HVeVg4fDpwMmIGwmx2+Cqga9cPGjg gYvvGvjOxZBrSx+xsoIyKSrft9uO3N2ui2GvG510e796nf7Rau 9b6BD9QD9RhE5RH12gSxQjguboGb2gVy/2Su+39+cj1Wutag5QI 7znd0th6QA=</latexit>
1.3
<latexit sha1_base64="6Ycs tS9S0K218yXDuEhXB/3/rS4=">AAAC03icbZHPTttAEMY3pi1g2 hLgyMVqQOopssMBjpG4cIoo4BARR9F6PQkr9o+1uwZFli9Vr1zh XfomvA3rkEO96Ugrffp+M7OzO2nOqDZh+NbyNj59/rK5te3vfP 32fbe9tz/UslAEYiKZVKMUa2BUQGyoYTDKFWCeMrhNH85rfvsIS lMpbswihwnHc0FnlGBjreuoezJtd8JuuIxgXUQr0UGruJzutf4m mSQFB2EIw1qPozA3kxIrQwmDyk8KDTkmD3gOYysF5qAn5XLWKji 2ThbMpLJHmGDp/ltRYq71gqc2k2Nzr11Wm/9j48LMziYlFXlhQJ CPi2YFC4wM6ocHGVVADFtYgYmidtaA3GOFibHf4x8nqWRZ3dVPB DwRyTkWWZmMrsFUZVKDNC1HVeVg4fDpwMmIGwmx2+Cqga9cPGjg gYvvGvjOxZBrSx+xsoIyKSrft9uO3N2ui2GvG510e796nf7Rau 9b6BD9QD9RhE5RH12gSxQjguboGb2gVy/2Su+39+cj1Wutag5QI 7zndz9A6Ps=</latexit>
ε = 0
<latexit sha1 _base64="cE+az3ZvLLcENex3z gWMJklAY7g=">AAAC4nicbZHN TttAEMc3hrbg0jaUI5cVKRKny KaH9lIJqZeeIr4MEXEUrdcTWLE f1u46VWT5BXqruHJtH4I34W1Y h0jghZFW+mt+M7Oj+WcFZ8ZG0X 0nWFl98/bd2nr4fuPDx0/dzc9 nRpWaQkIVV3qYEQOcSUgssxyGh QYiMg7n2fXPhp/PQBum5KmdFz AW5FKyKaPEutSk201nRENhGFc S/8ARnnR7UT9aBH4p4qXooWUcT jY7d2muaClAWsqJMaM4Kuy4It oyyqEO09JAQeg1uYSRk5IIMONq sXqNd10mx1Ol3ZMWL7LPOyoij JmLzFUKYq+Mz5rka2xU2un3ccV kUVqQ9PGjacmxVbi5A86ZBmr5 3AlCNXO7YnpFNKHWXSvcTTPF8 2ZqmEr4TZUQROZVOjwBW1dpA7K sGta1h6XHJwOvImkVJP6A4xY+ 9vGghQc+vmjhCx87mx198rsOQ+ d27Hv7Upzt9+Ov/f2jqHfwZen 7GtpGO2gPxegbOkC/0CFKEEUzd Iv+of9BHvwJ/gY3j6VBZ9mzhV oR3D4As3ruhg==</latexit>
ε = 10−6
<latexit sha1 _base64="On/2j3b6zjwBTe0qD h8eMfJtV3w=">AAAC53icbZHP ahRBEMZ7R6NxEnWjePLSuAl4c ZmJoF6EgJecliQ6yZKddenpqU2 a9J+huyeyNPMM3oLXXPUNfBPf Jj2bBZ2OBQ0f9auqLuorKs6MTZ I/veje/bUHD9cfxRubj5887W8 9Ozaq1hQyqrjS44IY4ExCZpnlM K40EFFwOCkuPrX85BK0YUp+sY sKpoKcSTZnlFifmvVf5JdEQ2U YVxJ/xGny1b1518z6g2SYLAPfF elKDNAqDmZbvd95qWgtQFrKiT GTNKns1BFtGeXQxHltoCL0gpzB xEtJBJipW+7f4B2fKfFcaf+kx cvsvx2OCGMWovCVgthzE7I2+T8 2qe38w9QxWdUWJL39aF5zbBVu j4FLpoFavvCCUM38rpieE02o9 SeLd/JC8bKdGucSvlElBJGly8e fwTYub0FRuHHTBFgGfDYKKrJO QRYOOOrgoxCPOngU4tMOPg2x99 rTv6Y3cezdTkNv74rj3WH6drh 7mAz2tle+r6OX6BV6jVL0Hu2hf XSAMkSRQ9foJ/oVseh7dBX9uC 2Neque56gT0fUN5/jwgg==</l atexit>
ε = 0
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Fig. 2.6. Slow passage through a supercritical (a) and subcritical (b) Turing bifurcation of the
Schnakenberg model (2.7). In the subcritical setting, the slow passage is through a first Turing bifur-
cation of the homogeneous steady state, albeit the solution jumps to a stable branch emanating from
a second Turing bifurcation, which restabilises after a fold and a secondary bifurcation. Parameters:
c = r = h = b = 1, d2 = 10, and (a) d1 = 0.26, (b) d1 = 0.1497.
The kth Fre´chet derivative of a nonlinear operator R ∈ Ck(Z, Y ) will be denoted
by DkR. For the Taylor expansions of R ∈ Ck(Z, Y ) around 0 ∈ Z we will use the
compact notation
R(u) =
k∑
n=0
Rn(u
(n)) + o(‖u‖kZ)
where u(n) = (u, . . . , u) ∈ (Z)n represents u ∈ Z repeated n times and the n-linear op-
erator Rn ∈ Ln(Z,X) = L(
∏n
j=1 Z,X)
∼= L(Z,L(Z, . . . ,L(Z,X))), with n recursions
[24, Lemma 1.6], acts as
Rn(u
(n)) =
1
n!
DnR(0)u(n).
3.2. Systems of m-slow, ∞-fast differential equations. For ease of refer-
ence, we recall system (1.2), i.e. we fix m, p ∈ N, and study differential equations
posed on X × Rm, featuring p+ 1 control parameters, of the following type:
(3.3)
u˙ = Lu+R(u, v, µ, ε) := F (u, v, µ, ε)
v˙ = εG(u, v, µ, ε)
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where L is a linear operator while R, F , and G are nonlinear operators. More precisely
we assume L : Z → X, R : Z × Rm × Rp × R → Y , F : Z × Rm × Rp × R → X, and
G : Z×Rm×Rp×R→ Rm. We have collected the p+1 control parameters in the vector
(µ, ε) ∈ Rp×R. This choice reflects the special role played by the parameter ε, which is
taken to be small and determines a separation of time scales between the fast variables
u and the slow variables v. We are interested in applications where X is infinite
dimensional, therefore we say that (3.3) is a system of m-slow, ∞-fast differential
equations. We note that, in general, owing to the splitting F (u) = Lu + R(u) one
poses Z ⊂ Y ⊂ X [78, 44] and, depending on the problem, we may have Y = X or
Y 6= X. As we shall mention below, the choice Y 6= X, when possible, simplifies the
verification of certain hypotheses.
It is sometimes advantageous to write the system (3.3) in a more compact form.
To this end, we introduce the spaces X˜ = X × Rm, Y˜ = Y × Rm and Z˜ = Z × Rm,
endowed with the corresponding natural norms and embeddings, and rewrite (3.3) as
a differential equation on X˜
(3.4)
d
dt
u˜ = L˜u˜+ R˜(u˜, µ, ε) := F˜ (u˜, µ, ε).
where u˜ = (u, v) and
L˜ =
(
L DvR(0, 0, 0, 0)
0 0
)
, R˜(u˜, µ, ε) =
(
R(u, v, µ, ε)−DvR(0, 0, 0, 0)v
εG(u, v, µ, ε).
)
4. Centre manifold reduction. We aim to perform a centre manifold reduc-
tion of (3.3) near bifurcations points of equilibria of the fast subsystem
(4.1) u˙ = F (u, v, µ, 0) = Lu+R(u, v, µ, 0)
in which (v, µ) ∈ Rm × Rp is fixed. As we shall see below, this in turn will provide a
reduction of (3.3) to a set of m-slow, n-fast ODEs, which can subsequently be studied
with standard tools for slow-fast ODEs. Solutions to (4.1) are defined below.
Definition 4.1 (Solution). A solution of the differential equation (4.1) is a
function u : I → Z ↪→ X defined on an interval I ⊂ R such that u ∈ C(I, Z) ∩
C1(I,X), and equality (4.1) holds in X for all t ∈ I.
4.1. Preliminary hypotheses. In order to perform the reduction of the fast
subsystem, we employ the framework introduced by Haragus and Iooss in [79, 78, 44]
We report below a set of hypotheses that are necessary to perform the centre manifold
reduction. These hypotheses are adapted (or reproduced) from [44]. We begin with
an assumption on the vector field (3.3), and on a subset of its equilibria.
Hypothesis 4.2 (Vector field). The operators L, R in (3.3) satisfy the following
conditions:
(i) L ∈ L(Z,X).
(ii) There exist an integer k ≥ 2 and neighbourhoods Vu ⊂ X, Vv ⊂ Rm,
Vµ ⊂ Rp, Vε ⊂ R of 0 such that R ∈ Ck(Vu × Vv × Vp × Vε, Y ) and
R(0, 0, 0, 0) = 0 DuR(0, 0, 0, 0) = 0
Hypothesis 4.2 implies that 0 ∈ X × Rm is an equilibrium of (3.4) for (µ, ε) = 0,
that is, 0 ∈ X is an equilibrium of the fast subsystem (4.1) for (v, µ) = 0. Note that
Hypothesis 4.2.(ii) implies F (0, 0, 0, 0) = 0, while in general G(0, 0, 0, 0) 6= 0.
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Hypothesis 4.3 (Spectral decomposition). The spectrum σ(L) of L can be written
as follows
σ(L) = σu ∪ σc ∪ σs,
where
σu := {λ ∈ σ(L) : Reλ > 0}, σc := {λ ∈ σ(L) : Reλ = 0}, σs := {λ ∈ σ(L) : Reλ < 0},
satisfy the following assumptions
(i) The set σc consists of a finite number n > 0 of eigenvalues with finite
algebraic multiplicities.
(ii) There exists a positive constant γ > 0 such that
inf
λ∈σu
Reλ > γ, sup
λ∈σs
Reλ < −γ
If Hypotheses 4.2 and 4.3 hold, we can introduce the spectral projector on the centre
subspace, Pc ∈ L(X,Z) associated with σc and its complementary projector Psu =
idX −Pc ∈ L(X) ∩ L(Y ) ∩ L(Z). We therefore have the decomposition
X = Ec ⊕Xsu, Ec = rangePc = kerPsu ⊂ Z, Xsu = rangePsu = kerPc ⊂ X,
we set Zsu = PsuZ ⊂ Z and Ysu = PsuY ⊂ Y , and we let Lc ∈ L(Ec), Lsu ∈
L(Zsu, Ysu), be the restrictions of L to Ec and Zsu, respectively. We are now ready
to state one final hypothesis necessary for the centre manifold reduction:
Hypothesis 4.4 (Linear equation in the hyperbolic subspace). For any η ∈ [0, γ],
where γ is the spectral gap defined in Hypothesis 4.3, and any f ∈ Cη(R, Ysu), the
linear problem
(4.2) u˙su = Lsuusu + f(t),
has a unique solution usu = Ksuf ∈ Cη(R, Zsu). The linear map Ksu belongs to
L(Cη(R, Ysu), Cη(R, Zsu)), and there exists Π ∈ C([0, γ],R) such that
(4.3) ‖Ksu‖L(Cη(R,Ysu),Cη(R,Zsu)) ≤ Π(η).
Checking this hypothesis in applications may be nontrivial, as it requires to prove
that there is a gain in regularity of solution u(t) ∈ Z to (4.2), when the forcing term
f(t) belongs to Y . Note that this forcing term mimics the effect of the nonlinearity
and, as such, shares it range. In some cases, this hypothesis can be substituted by
an estimate on the resolvent set of L, and in the examples treated below we will give
pointers to the literature for these cases. In particular, when Y 6= X, a necessary
condition to check the validity of Hypothesis 4.4is available [44, Section 2.2.3]. In this
paper we focus on the more challenging case Y = X, and present examples where a
necessary condition is available, and examples where it is not (hence Hypothesis 4.4
must be checked directly).
4.2. Centre-manifold results. We now proceed to derive a centre manifold
existence result for (3.3) in a neighbourhood of 0 ∈ X × Rm × Rp × R.
Theorem 4.5 (Parameter-dependent centre manifold). Assume Hypotheses 4.2
to 4.4. Further, assume G ∈ Ck(Vu × Vv × Vp × Vε,Rm). Then the m-slow, ∞-fast
system (3.3) admits a finite-dimensional centre manifold. More precisely, there exists
a map Ψ ∈ Ck(Ec × Rm × Rq × R, Zsu) with
Ψ(0, 0, 0, 0) = 0, DuΨ(0, 0, 0, 0) = 0,
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and a neighbourhood Ou × Ov × Oµ × Oε of 0 ∈ Z × Rm × Rq × R such that, for all
(µ, ε) ∈ Oµ ×Oε the manifold
(4.4) Mc(µ, ε) =
{
(uc, v) +
(
Ψ(uc, v, µ, ε), 0
)
: uc ∈ Ec, v ∈ Ov
}
has the following properties:
(i) Mc(µ, ε) is locally invariant, that is, if (u, v) is a solution of (3.3) such
that (u(0), v(0)) ∈Mc(µ, ε) ∩ (Ou ×Ov) for all t ∈ [0, T ], then (u(t), v(t)) ∈Mc(µ, ε)
for all t ∈ [0, T ].
(ii) Mc(µ, ε) contains the set of bounded solutions of (3.3) staying in Ou×Ov
for all t ∈ R, that is, if (u, v) is a solution of (3.3) satisfying (u(t), v(t)) ∈ Ou × Ov
for all t ∈ R, then (u(0), v(0)) ∈Mc(µ, ε).
Proof. We use the compact formulation of the ∞-fast, m-slow system (3.3) as a
differential equation on X˜ = X × Rm,
(4.5)
d
dt
u˜ = L˜u˜+ R˜(u˜, µ, ε)
where u˜ = (u, v) and
L˜ =
(
L DvR(0, 0, 0, 0)
0 0
)
, R˜(u˜, µ, ε) =
(
R(u, v, µ, ε)−DvR(0, 0, 0, 0)v
εG(u, v, µ, ε)
)
.
We aim to show that, if Hypotheses 4.2 to 4.4 hold, then the same hypotheses
hold for L˜, R˜, on Banach spaces X˜, Y˜ , Z˜, upon defining suitable projectors P˜c, P˜su.
The assertion is then a consequence of Theorem 3.3 of [44], appllied to (4.5). We
proceed to verify the hypotheses in 3 steps:
Step 1. Verification of Hypothesis 4.2 for system (4.5). It is immediate to prove
that Hypothesis 4.2 and G ∈ Ck(Vu × Vv × Vp × Vε,Rm) imply that Hypothesis 4.2
holds also for L˜, R˜ in system (4.5), and we omit this proof.
Step 2. Verification of Hypothesis 4.3 for system (4.5). The expression of L˜
makes it easy to compute its resolvent as function of the one of L. We conclude
that σc(L˜) = σc(L) ∪ {0}. One consequence is that the spectrum of L˜ admits the
decomposition
σ(L˜) = σu ∪ σ˜c ∪ σs,
where σs, σu are the stable and unstable spectra of L, respectively, and where σ˜c
contains n+m purely imaginary eigenvalues, where n is as in Hypothesis 4.3(i). This
guarantees that σ˜c contains finitely many eigenvalues. Next, we define the projectors
associated with σ˜c as follows
(4.6) P˜c =
(
Pc 0
0 idRm
)
, P˜su =
(
Psu 0
0 0Rm
)
,
where Pc, Psu are the spectral projectors associated with the centre eigenspace of L.
We have X˜ = E˜c ⊕ X˜su, where
E˜c = range P˜c, X˜su = ker P˜c, dim E˜c = dimEc +m <∞.
Since E˜0 is finite dimensional, we conclude that the n˜ eigenvalues in σ˜c have finite
multiplicities, hence Hypothesis 4.3(i) holds for L˜. Furthermore, since L˜ and L have
the same stable and unstable spectra, their spectral gaps coincide, that is, Hypothe-
sis 4.3(ii) for L implies that the same hypothesis holds for L˜, with the same γ.
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Step 3. Verification of Hypothesis 4.4 for system (4.5). We Set
Y˜su = PsuY = Ysu × {0Rm}, Z˜su = PsuZ = Zsu × {0Rm},
and we denote by L˜su the restriction of L˜ to Z˜su. To prove the assertion we must
show that Hypothesis 4.4 implies that the same hypothesis holds for the following
differential equation on X˜su
(4.7)
d
dt
u˜su = L˜suu˜su + f˜(t),
where f˜ = (f, 0Rm) ∈ Cη(R, Y˜su), with f and η given in Hypothesis 4.4. In the
remainder of the proof, we use the symbol 0 in place of 0Rm to simplify the notation.
We consider the linear mapping
K˜su : Zsu × Rm → Zsu × Rm, (U, V ) 7→ (KsuU, 0).
It suffices to prove the following claims:
1. K˜suf˜ = (Ksuf, 0) is an element of Cη(R, Z˜su).
2. K˜suf˜ is the unique solution to (4.7).
3. Let Π(η) be fixed as in Hypothesis 4.4, then the following bound holds
‖K˜h‖L(Cη(R,Y˜su),Cη(R,Z˜su)) ≤ Π(η).
To prove claim 1, we recall that Z˜su = Zsu×{0}, therefore if U ∈ Zsu then (U, 0) ∈ Zsu
and ‖U‖Zsu = ‖(U, 0)‖Z˜su . By Hypothesis 4.4, (Ksuf)(t) ∈ Zsu for all t ∈ R, and the
mapping t 7→ (Ksuf)(t) is continuous. This implies K˜suf˜ = (Ksuf, 0) ∈ C1(R, Z˜) ⊂
C0(R, Z˜) and
‖K˜suf˜‖Cη(R,Z˜su) = sup
t∈R
e−η|t| ‖(K˜suf˜)(t)‖Z˜su
= sup
t∈R
e−η|t| ‖(Ksuf)(t)‖Zsu
= ‖Ksuf‖Cη(R,Zsu),
which is finite by Hypothesis 4.4. Therefore K˜suf˜ ∈ Cη(R, Z˜su).
In order to prove claim 2 we note that
d
dt
K˜suf˜ =
d
dt
(
Ksuf
0
)
=
(
LsuKsuf + f(t)
0
)
by Hypothesis 4.4,
= L˜suK˜suf˜ + f˜(t),
therefore K˜suf˜ solves (4.7). Uniqueness is proved by showing that any solution U˜ =
(U, V ) ∈ Cη(R, Z˜su) to (4.7) is equal to K˜suf˜ . Since Z˜su = Zsu × {0}, we have
V (t) ≡ 0 for all t ∈ R, hence U˜ = (U, 0). Since U˜ solves (4.7), we have
d
dt
U = LsuU + f(t),
therefore U solves (4.2), and Hypothesis 4.4 guarantees U = Ksuf . We conclude
U˜ = (Ksuf, 0) = K˜suf˜ , hence K˜suf˜ is the unique solution to (4.7).
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To prove claim 3, we estimate
‖K˜su‖L(Cη(R,Y˜su),Cη(R,Z˜su))
= sup
{‖K˜suU˜‖Cη(R,Z˜su) : ‖U˜‖Cη(R,Y˜su) = 1}
= sup
{‖K˜su(U, V )‖Cη(R,Z˜su) : ‖(U, V )‖Cη(R,Y˜su) = 1}
= sup
{‖KsuU‖Cη(R,Z˜su) : ‖(U, V )‖Cη(R,Y˜su) = 1}
= sup
{‖KsuU‖Cη(R,Zsu) : ‖(U, V )‖Cη(R,Y˜su) = 1}
≤ ‖Ksu‖L(Cη(R,Ysu),Cη(R,Zsu)) sup
{‖U‖Cη(R,Ysu) : ‖(U, V )‖Cη(R,Y˜su) = 1}
≤ ‖Ksu‖L(Cη(R,Ysu),Cη(R,Zsu))
≤ Π(η),
which completes this step.
Following the 3 steps above, the assertion is a consequence of the parameter-
dependent version of the centre-manifold theorem [44, Theorem 3.3] for system (4.5).
This theorem guarantees the existence of neighbourhoods Ou˜ × Oµ × Oε of 0 ∈ Z˜ ×
Rq × R, a reduction function Ψ˜ ∈ Ck(E˜c × Rq × R, Z˜h) and a centre manifold
Mc(µ, ε) =
{
u˜c + Ψ˜(u˜c, µ, ε) : u˜c ∈ E˜c
}
,
that satisfy the assertion. The expression above, however, is seemingly different from
(4.4). To recover (4.4) and the assertion in terms of a reduction function Ψ ∈ Ck(Ec×
Rm,Rq×R, Zsu), we note that Ψ˜ is with values in Z˜su = Zsu×{0} hence Ψ˜ = (Ψ, 0),
for some Ψ ∈ Ck(Ec × Rm × Rq × R, Zsu), and this completes the proof.
After the existence of a centre manifold has been derived, we proceed to write the
reduced equation on the centre manifold, as the following corollary states.
Corollary 4.6. Assume the hypotheses of Theorem 4.5. Let T > 0, let (µ, ε) ∈
Oµ ×Oε, and let (u, v) be a solution to (3.3) which belongs to Mc(µ, ε) for t ∈ [0, T ].
Then u = uc + Ψ(uc, v, µ, ε), with (uc, v) satisfying
(4.8)
u˙c = PcF (uc + Ψ(uc, v, µ, ε), v, µ, ε),
v˙ = εG(uc + Ψ(uc, v, µ, ε), v, µ, ε).
Proof. Let u˜ = (u, v) be a solution to (3.4), the compact formulation of the m
slow ∞-fast problem, and assume u˜ stays in Mc for t ∈ [0, T ]. Then
u˜ =
(
u
v
)
=
(
uc + Ψ(uc, v, µ, ε)
v
)
, uc = Pcu.
From (3.4) and the definition of P˜c and F˜ we obtain
d
dt
(
uc
v
)
= P˜c
d
dt
(
u˜c + Ψ˜(u˜c, µ, ε)
)
= P˜cF˜
(
u˜c + Ψ˜(u˜c, µ, ε), µ, ε
)
= P˜cF˜
(
(uc + Ψ(uc, v, µ, ε), v), µ, ε
)
=
(
PcF (uc + Ψ(uc, v, µ, ε), v, µ, ε)
εG(uc + Ψ(uc, v, µ, ε), v, µ, ε)
)
.
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Importantly, the evolution equation (4.8) is posed on a finite-dimensional state
space, whose dimension is dimEc+m. Owing to the particular form of the right-hand
side of (3.4), this finite-dimensional dynamical system has m slow and dimEc fast
variables.
Remark 4.7. The centre manifold reduction theory outlined here applies directly
to the finite dimensional case, i.e. all results have a finite dimensional version for
a slow-fast system (1.1). We will highlight these results in later sections where we
discuss folds and delayed Hopf (and Turing) bifurcations in detail.
4.3. Centre Manifold reduction with symmetries. When the fast subsys-
tem admits symmetries, it is expected that they influence the centre-manifold reduc-
tion. The following result combines a parameter-dependent centre-manifold reduc-
tion for the∞-fast, m-slow dynamical system (which has been developed above) with
equivariant centre-manifold theory for infinite dimensional dynamical systems [42, 23].
We give this result without proof, as it is a minor modification of Theorem 4.5.
Theorem 4.8. Assume there is a linear operator T ∈ L(X) ∩ L(Z) which com-
mutes with the fast vector field
TL = LT, TR(u, v, µ, ε) = R(Tu, v, µ, ε),
and such that the restriction Tc of T to the subspace Ec is an isometry. Under the
assumptions in Theorem 4.5, there exists a reduction function Ψ which commutes with
T , that is, TΨ(uc, v, µ, ε) = Ψ(Tcuc, v, µ, ε) for all uc ∈ Xc, and such that the vector
field in the reduced equation (4.8) commutes with (Tc, id).
5. Reduction around bifurcations of the fast subsystem. We now spe-
cialise the result of the previous section, and find reductions of the full systems around
saddle-node, Hopf, and Turing bifurcations of the fast subsystem. We will also derive
normal form calculations for all these cases.
5.1. Reduction around a fold of the critical manifold. Before deriving a
normal form around the fold of the fast subsystem, we make additional assumptions
that are verified at the saddle-node bifurcation point:
Hypothesis 5.1 (Fold of the critical manifold). Let (ei)
m
i=1 be the canonical basis
in Rm.
(i) The centre spectrum σc of L is given by σc = {0}. The eigenvalue 0 has
multiplicity 1 and eigenvector ζ ∈ Z.
(ii) We have Pc(D
2
uR(0, 0, 0, 0)ζ
(2)) 6= 0.
(iii) There exists 1 ≤ j ≤ m such that Pc(DvR(0, 0, 0, 0)ej) 6= 0.
Remark 5.2. When L has an adjoint operator L∗ (this happens for instance when
Z is dense in X) then there is a general expression for the centre projector, namely
Pc(u) = 〈ζ∗, u〉Xζ where ζ∗ is the eigenvector of L∗ for the eigenvalue 0 such that
〈ζ∗, ζ〉X = 1.
Lemma 5.3 (Normal form for fold). Assume Hypothesis 5.1(i) and the hypotheses
of Corollary 4.6, and let Oµ, Oε be defined as in Corollary 4.6. There exist neigh-
bourhoods OA, OB of 0 in R and Rm, respectively, such that, for any (µ, ε) ∈ Oµ×Oε
there is a change of variables, defined in OA×OB which transforms the reduced equa-
tion (4.8) into
(5.1)
A˙ = α(B) + βA2 + γ(µ, ε) +O(A2(‖B‖+ |µ|+ |ε|) + (‖B‖+ |µ|+ |ε|)2)
B˙ = εG
(
Aζ + Ψ(A,B, µ, ε), B, µ, ε
)
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where A(t) ∈ R, B(t) ∈ Rm and
α(B)ζ = Pc(DvR(0, 0, 0, 0)B),
βζ = Pc(D
2
uR(0, 0, 0, 0)ζ
(2)),
γ(µ, ε)ζ = Pc(DµR(0, 0, 0, 0)µ+DεR(0, 0, 0, 0)ε).
If, in addition, Hypothesis 5.1(ii) and Hypothesis 5.1(iii) hold, we have α 6= 0 and
β 6= 0, respectively.
Proof. We fix (µ, ε) ∈ Oµ × Oε. From Xc = span(ζ), we write (uc, v) = (Aζ,B),
where A ∈ R, B ∈ Rm. This parametrization is defined in a neighbourhood OA×OB
of 0 ∈ R× Rm. From Equation (4.8) and the definition of F , we obtain
(5.2)
A˙ζ = PcR(Aζ + Ψ(Aζ,B, µ, ε), B, µ, ε)
B˙ = εG(Aζ + Ψ(Aζ,B, µ, ε), B, µ, ε).
The second equation in the system above is already written as in Equation (5.1) of
the statement, therefore we concentrate henceforth only on the first equation.
In the remainder of this proof we set ‖·‖ = ‖·‖Z , and with a small abuse of
notation we use | · | for the 2-norm in both Rp and Rm. We consider the Taylor
expansion of R around the origin
R(u, v, µ, ε) =
∑
0≤i+j+r+s≤2
Rijrs(u
(i), v(j), µ(r), ε(s)) +O
( ∑
i+j+r+s=3
‖u‖i|v|j |µ|rεs
)
,
and we recall that R0000 = 0, R1000(u) = 0 by Hypothesis 4.2, hence
R(u, v, µ, ε) = R0100(v) +R0010(µ) +R0001(ε) +R2000(u
(2))
+O
( ∑
i+j+r+s=2,
i 6=2
‖u‖i|v|j |µ|rεs
)
Using the following identities
R0100(v) = DvR(0, 0, 0, 0)v, R0010(µ) = DµR(0, 0, 0, 0)µ,
R0001(ε) = DεR(0, 0, 0, 0)ε, R2000(u
(2)) =
1
2
D2uR(0, 0, 0, 0)u
(2)
and recalling that Ψ = O(‖u‖2 + |v|2 + |µ|+ ε), we obtain
A˙ζ = Pc(DvR(0, 0, 0, 0)B) +A
2Pc(D
2
uR(0, 0, 0, 0)ζ
(2))
+ Pc(DµR(0, 0, 0, 0)µ+DεR(0, 0, 0, 0)ε)
+O
( ∑
i+j+r+s=2,
i 6=2
‖u‖i|v|j |µ|rεs
)
which, combined with the second equation in (5.2) proves that (5.1) holds in OA×OB .
Hypothesis 5.1(iii) guarantees β 6= 0 and Hypothesis 5.1(iv) implies that α is nonzero
in OB \ {0}.
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Remark 5.4. Note that, with a further change of coordinates, Equation (5.1) can
be transformed into
d
dt
A = αB˜1 + βA
2 +O
( ∑
i+j+r+s=2, i 6=2
Ai|B˜|j |µ|rεs
)
d
dt
B˜ = εG˜
(
Aζ + Ψ(A, B˜, µ, ε), B˜, µ, ε
)
The reduction above leads to studying an ODE with 1 fast and m slow variables,
near the fold. This system is amenable to applying existing results on canards in this
context. We mention here classical results on canards for m = 1 [12, 33, 56, 58], for
m = 2 near a folded singularity [74, 83, 18] and their generalisation to the case of m
slow variables [84].
5.2. Reduction around a Hopf bifurcation in fast subsystem.
Hypothesis 5.5 (Hopf bifurcation). The centre spectrum σc of L consists of a
simple pair of complex conjugate purely imaginary eigenvalues, σc = {iω,−iω}, ω> 0,
with associated eigenvectors {ζ, ζ¯}.
Lemma 5.6 (Normal form of Hopf bifurcation). Assume Hypothesis 5.5 and
the hypotheses of Corollary 4.6. Then there exist neighborhoods Wu,Wv,Wµ,Wε in
Ou, Ov, Oµ, Oε, respectively, such that for any (ε, µ) ∈Wµ ×Wε there exists a (µ, ε)-
dependent polynomial change of variables
(5.3)
uc = Aζ + A¯ζ¯ + Φ(Aζ + A¯ζ¯, B, µ, ε)
v = B
with A ∈ C, B ∈ Rm, Φ( · , v, µ, ε) a polynomial of degree k, Φ(0, 0, 0, 0) = 0,
DuΦ(0, 0, 0, 0) = 0, and whose monomials of degree q are functions of (v, µ, ε) of
class Ck−q, which transforms the reduced equation (4.8) for (uc, v) ∈Wu ×Wv into
(5.4)
A˙ = iωA+ α(B,µ, ε)A+ βA|A|2 +O((|B|+ |µ|+ ε+ |A|2)2)
B˙ = εG(Aζ + A¯ζ¯ + Φ(Aζ + A¯ζ¯, B, µ, ε), B, µ, ε)
where α : Rm × Rp × R→ C is multilinear and β ∈ R.
Proof. In this case, Equation (4.8) leads to
(5.5)
u˙c = Lcuc + PcR(uc + Ψ(uc, v, µ, ε), v, µ, ε),
v˙ = εG(uc + Ψ(uc, v, µ, ε), v, µ, ε).
with Lcuc 6= 0. The operators Lc and L have an identical centre spectrum, and by
Hypothesis 5.5 we have Ec = span{ζ, ζ¯}, hence dimEc = 2. As in the case of saddle-
node bifurcations, we write a normal form for the first of the two equations above,
when v is fixed. We set v = B and consider
u˙c = Lcuc + PcR(uc + Ψ(uc, B, µ, ε), B, µ, ε).
We use a parameter-dependent normal form result [44, Theorem 2.2, Chapter 3] on
the 2-dimensional system above, with parameters (B,µ, ε) ∈ Rm×Rp×R. There exist
neighbourhoods Wu,Wv,Wµ,Wε in Ou, Ov, Oµ, Oε respectively, and a polynomial Φ
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such that, for any (B,µ, ε) ∈ Wv,×Wµ × Wε, the change of variables uc = νc +
Φ(νc, B, µ, ε) transforms the system above into the normal form
ν˙c = Λνc +N(νc, B, µ, ε) + o(|(B,µ, ε)|q)
for any integer q with 2 ≤ q ≤ k, where k is fixed as in Hypothesis 4.2(ii). The
fact that Φ is a polynomial, and the properties listed in the statement for Φ are
also a consequence of [44, Theorem 2.2, Chapter 3]. We aim to recover the normal
form for a Hopf bifurcation, hence it is convenient to identify R2 with the diagonal
{(z, z¯) : z ∈ C}, thereby representing νc as νc(t) = A(t)ζ + A¯(t)ζ¯ and obtaining [44,
Lemma 1.7, Chapter 3]
d
dt
(
A
A¯
)
=
(
iω 0
0 −iω
)(
A
A¯
)
+
(
α(B,µ, ε)A+ βA|A|2
α(B,µ, ε)A¯+ βA¯|A|2
)
+O
(
(|B|+ |µ|+ ε+ |A|2)2)
where α is a linear form and β a real number. We have therefore shown the existence
of a change of coordinates of type (5.3) which transforms the reduced equation (5.5)
into (5.4).
Remark 5.7. We highlight that, in contrast to the reduction around a saddle-
node bifurcation, we do not include here explicit expressions for the coefficients of the
normal form α, β, and we do not include in Hypothesis 5.5 non-degeneracy conditions
to guarantee α, β 6= 0. These conditions are known for ODEs [60], and computing the
coefficients is strongly problem-dependent, therefore we omit such calculations in the
present paper.
The centre manifold reduction leads to a Ck (and not analytic) ODE with 2 fast
and m slow variables. Hence, this system is amenable to applying existing Ck results
on delayed loss of stability through a Hopf bifurcation. We refer to classical results
for m = 1, e.g., [65, 66, 46]. These Ck results guarantee the existence of a short
delay (O(ε ln(ε))) due to the slow passage. By (5.3), we deduce that to first order the
fast variables on the centre manifold are approximated by A(t)ξ(x) + A¯(t)ξ¯(x), where
ξ(x) is the unstable Hopf mode, and where A(t) has the dynamics of a slow passage
through a Hopf bifurcation. The existence of long O(1) delays associated with slow
passage through a Hopf bifurcation in a PDE in the analytic context is still an open
problem.
5.3. Reduction around Turing bifurcation. In order to perform a reduction
around a Turing bifurcation for the applications, we make some additional assump-
tions concerning the symmetry of the problem.
Hypothesis 5.8 (O(2)-equivariance). There exists a one-parameter continuous
family of linear maps Tϕ on X, for ϕ ∈ R/2lZ, l ∈ R, and a symmetry S on X such
that:
(i) Tϕ ◦ Tψ = Tϕ+ψ and STϕ = T−ϕS for ϕ,ψ ∈ R/2lZ
(ii) T0 = id and S
2 = id
(iii) The fast vector field u 7→ F (u, v, µ, ε) commutes with Tϕ, S.
Lemma 5.9 (Normal form of Pitchfork O(2) bifurcation). Assume Hypothe-
sis 5.8, and the hypotheses of Corollary 4.6. Further, assume that 0 is a double
eigenvalue of L and no other eigenvalue is in σc for (ε, µ) = (0, 0). Assume that the
action of Tϕ on Xc is not trivial. Then, there exist neighborhoods Ou, Ov, Oµ, Oε of 0
in R2, Rm, Rp, and R, respectively, such that for any (ε, µ) ∈ Oµ ×Oε, in a suitable
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basis (ζ, ζ¯) of kerL
(5.6)
uc = Aζ + A¯ζ¯ + Φ(Aζ + A¯ζ¯, B, µ, ε)
v = B
with A ∈ C, B ∈ Rm, Φ( · , v, µ, ε) a polynomial of degree k, Φ(0, 0, 0, 0) = 0,
DuΦ(0, 0, 0, 0) = 0, and whose monomials of degree q are functions of (v, µ, ε) of
class Ck−q. The reduced equation (4.8) for (uc, v) ∈ Ou × Ov has, at third order in
(A, A¯), the expression
(5.7)
A˙ = α(B,µ, ε)A+ βA|A|2 +O((|B|+ |µ|+ ε+ |A|2)2)
B˙ = εG(Aζ + A¯ζ¯ + Φ(Aζ + A¯ζ¯, B, µ, ε), B, µ, ε)
where α, β are real multilinear forms.
Proof. This proof follows closely the one of Lemma 5.6 except that at the end,
we have to use the O(2)-pitchfork normal formal instead of the Hopf one. As shown
in [44, Section 1.2.4], one can find a suitable basis ζ, ζ¯ such that Tϕζ = e
ikϕζ for some
fixed k ∈ N and Sζ = ζ¯. In this basis, we represent νc as νc(t) = A(t)ζ + A¯(t)ζ¯ and
obtain at third order
A˙ = α(B,µ, ε)A+N3(A, A¯, µ, ε) +O
(
(|v|+ |µ|+ ε+ |A|2)2).
where N3 is a cubic polynomial in (A, A¯) which commutes with the action of the sym-
metry group. Thus N3(e
iϕA, e−iϕA¯, µ, ε) = eiϕN3(A, A¯, µ, ε) and N3(A, A¯, µ, ε) =
N3(A¯, A, µ, ε). This gives:
A˙ = α(B,µ, ε)A+ βA|A|2 +O((|v|+ |µ|+ ε+ |A|2)2)
where α, β are real valued.
This lemma applies to the case of a PDE equivariant with respect to translations
(which take the role of Tϕ) in one unbounded spatial direction and possesses a re-
flection symmetry in this direction. The reduction above leads to studying an ODE
with 1 fast and m slow variables, that is Equation (5.7). Results on slow-passages
through transcritical and pitchfork bifurcations for ODEs of this type are available
in the literature [57, 14]. For example, if m = 1 and the coefficients α and β are
such that the layer problem undergoes a pitchfork bifurcation at the origin, then the
results in [57] imply that Equation (5.7) has a delayed pitchfork bifurcation. By (5.6),
we deduce that to first order the fast variables on the centre manifold are approxi-
mated by A(t)ξ(x) + A¯(t)ξ¯(x), where ξ(x) are Turing modes, and where A(t) has the
dynamics of a slow passage through a pitchfork. This phenomenon is what we call a
slow passage through a Turing bifurcation.
6. Applications. In this section we collect applications of centre-manifold re-
ductions and normal forms to several examples presented in section 2. We highlight
that the order in which the material is presented does not follow the one used in
section 2, because we have chosen to start from simple examples and work towards
more advanced material. In subsection 6.1 we present preparatory results for Hilbert
spaces, which will be used in the following calculations. We then work through an ex-
ample of slow-passage through a Hopf bifurcation in (2.3) in subsection 6.2, assuming
no prior knowledge of centre-manifold reductions for infinite-dimensional systems. In
subsection 6.3, we discuss slow-passage through a Turing bifurcation in the nonlocal
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reaction–diffusion equation (2.6), and give pointers for performing the same analysis
in local reaction–diffusion problems. The technical treatment of these sections de-
pends on the fact that Hilbert spaces have been used in the accompanying examples.
This motivates our presentation of the example in subsection 6.4, which is posed on
Banach spaces and discusses canards in neural field models. Towards the end of this
section, in subsection 6.5, we discuss slow passage through Hopf in the DDE (2.4).
6.1. Preparatory results. We begin by introducing two lemmas that will be
useful in the upcoming calculations.
Lemma 6.1. Let Ω = (−l, l), for some l > 0, and let X = L2(Ω,C) and Z =
H2per(Ω,C), endowed with the standard norms. Further consider the Laplacian opera-
tor ∂2x ∈ L(Z,X). If z ∈ ρ(∂2x), then∥∥(z − ∂2x)−1∥∥L(X) ≤ 1| Im z| .
Proof. We denote by ‖·‖X and 〈 · , · 〉X the standard norm and associated inner
product on X, respectively. Let z ∈ ρ(∂2x). For any f ∈ X, there is a unique solution
u ∈ Z to ∂2xu − zu = f . Multiplying the equation by the complex conjugate u¯ of u,
integrating over Ω, and using integration by parts and boundary conditions we obtain
‖∂xu‖2X − z ‖u‖2X = 〈f, u〉X .
Taking the imaginary part of the equation above we obtain the bound
| Im z| ‖u‖2X = | Im〈f, u〉X | ≤ ‖f‖X ‖u‖X , hence ‖u‖X ≤
‖f‖X
| Im z|
and ∥∥(z − ∂2x)−1∥∥L(X) = sup‖f‖X 6=0
∥∥(z − ∂2x)−1f∥∥X
‖f‖X
≤ 1| Im z| .
Remark 6.2. We note that Lemma 6.1 can be derived in a similar fashion also
when the problem is subject to to Neumann or Dirichlet boundary conditions. We
omit these cases for simplicity.
Lemma 6.3. Let A ∈ L(Z,X), B ∈ L(X), and assume there exist ω0,K > 0 such
that
∥∥(iω −A)−1∥∥L(X) ≤ K/|ω| for all ω ∈ R such that |ω| > ω0. Then there exists
C > 0 such that∥∥(iω −A−B)−1∥∥L(X) ≤ C|ω| for all |ω| > max(ω0, ‖B‖L(X)K).
Proof. Since iω ∈ ρ(A) and ‖B‖L(X)K < |ω|, then id−B(iω−A)−1 is invertible.
We use the following identity
(iω −A−B)−1 = (iω −A)−1 [id−B(iω −A)−1]−1
and the main hypotheses to derive the bound∥∥(iω −A−B)−1∥∥L(X) ≤ K|ω| 11− ‖B‖L(X)K/|ω| ≤ C|ω| .
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6.2. Analytical results for slow-passage through a Hopf bifurcation in
the FitzHugh-Nagumo PDE. We now show how to apply our framework to the
FitzHugh-Nagumo model
(6.1)
∂tu1 = ∂
2
xu1 + u1 − u31/3− u2 + v, (x, t) ∈ (0, 2pi),×R>0,
∂tu2 = u1 + c− bu2, (x, t) ∈ (0, 2pi)× R>0,
v˙ = ε, t ∈ R>0
subject to periodic boundary conditions
u1(0, t) = u1(2pi, t), u2(0, t) = u2(2pi, t), t ∈ R>0.
We make the following assumption, in order to guarantee the existence of a homoge-
neous steady state undergoing a Hopf bifurcation.
Hypothesis 6.4. There exist u∗1, u∗2, v∗, b∗, c∗ ∈ R such that u(x, t) ≡ (u∗1, u∗2)
is an equilibrium of (6.1) for (v, b, c, ε) = (v∗, b∗, c∗, 0), with 1− (u∗1)2 = b∗ ∈ (0, 1).
In order to cast the problem in the framework of the previous sections, we set u =
(u1, u2), µ = (b, c), apply the change of variables u = u∗+u˜, v = v∗+v˜, µ = µ∗+µ˜, and
obtain, after dropping tildes and setting a = 1− u2∗1 = b∗ for notational convenience,
(6.2)
u˙ = Lu+R(u, v, µ, ε)
v˙ = G(u, v, µ, ε)
where
(6.3) L =
(
∂2x + a id − id
id −a id
)
, R(u, v, µ, ε) = o(‖u‖), G(u, v, µ, ε) = ε,
and R is the remainder, linear in v and µ, and independent of ε.
System (6.2) has a homogeneous equilibrium u = 0 at (v, µ, ε) = (0, 0, 0) and, as
we shall see below, Hypothesis 6.4 ensures that u = 0, considered as an equilibrium
of the fast subsystem, undergoes a Hopf bifurcation for these parameter values. We
now proceed to check the hypotheses of Theorem 4.5.
6.2.1. Choice of function spaces. We begin by selecting function spaces for
the problem. In particular, we set
Z = H2per(0, 2pi)× L2per(0, 2pi), Y = X = L2(0, 2pi)× L2(0, 2pi).
where L2(0, 2pi) and H2per(0, 2pi) are standard Sobolev spaces endowed with the inner-
product norms ‖·‖L2 and ‖·‖H2 , respectively. We endow X and Z with norms
‖(u1, u2)‖Z =
(‖u1‖2H2 + ‖u2‖2L2)1/2, ‖(u1, u2)‖X = (‖u1‖2L2 + ‖u2‖2L2)1/2.
However, since u1, u2 are 2pi-periodic functions defined on (0, 2pi), it will be convenient
to write them in terms of their Fourier Series
ui(x) =
∑
n∈Z
ui,nψn(x), i = 1, 2, ψn(x) =
1√
2pi
einx, n ∈ Z.
and use for X, Z norms which expose the respective Fourier coefficients [1]
‖(u1, u2)‖X =
∑
n∈Z
‖(u1,n, u2,n)‖22, ‖(u1, u2)‖Z ∼
∑
n∈Z
n4|u1,n|2 + |u2,n|2.
In passing we note that the latter norm is not equal, but only equivalent, to ‖·‖Z .
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6.2.2. Checking Hypothesis 4.2. To check Hypothesis 4.2(i) we prove that L
is a continuous linear operator from Z to X. We fix u ∈ Z, let f = Lu, and obtain
the following bound using Cauchy-Schwarz inequality:
‖f1‖2L2 ≤
(‖∂2xu1‖L2 + a‖u1‖L2 + ‖u2‖L2)2
≤ (2 + a2)(‖∂2xu1‖2L2 + ‖u1‖2L2 + ‖u2‖2L2) := K21‖u‖2Z .
Similarly we find ‖f2‖2L2 ≤ K22‖u‖2Z , where K22 = 1 + a2. Combining the bounds we
obtain ‖Lu‖X ≤ K‖u‖Z , where K =
√
max(K1,K2). This proves L ∈ L(Z,X).
Further, R is a cubic polynomial in X with R(0, 0, 0, 0) = 0 and DuR(0, 0, 0, 0) =
0. Therefore, owing to the fact that Z is a Banach algebra, Hypothesis 4.2(ii) holds
for any integer k.
6.2.3. Checking Hypothesis 4.3. To check this hypothesis, we determine the
resolvent set of L, as in the following statement.
Proposition 6.5. Let Dn(λ) = λ
2 + n2λ+ a(n2 − a) + 1, for λ ∈ C and n ∈ Z.
The resolvent set of the operator L : Z → X defined in (6.3) is given by
ρ(L) = {λ ∈ C : λ 6= −a,Dn(λ) 6= 0 for all n ∈ Z}.
Proof. Let E = {λ ∈ C : λ 6= −a,Dn(λ) 6= 0 for all n ∈ Z}. We show that
E ⊆ ρ(L) and E ⊇ ρ(L), hence ρ(L) = E.
Step 1: E ⊆ ρ(L). We prove that λ 6= −a and Dn(λ) 6= 0 for all n ∈ Z imply
λ ∈ ρ(L), that is, for all f ∈ X, there exist a constant K(λ) > 0 and a unique u ∈ Z
satisfying (λ− L)u = f and ‖u‖Z ≤ K(λ)‖f‖X , hence (λ− L)−1 ∈ L(X,Z). We fix
f ∈ X, and we note that (λ− L)u = f if, and only if,
(6.4)
(
λ+ n2 − a 1
−1 λ+ a
)(
u1,n
u2,n
)
=
(
f1,n
f2,n
)
for all n ∈ Z.
Since Dn(λ) 6= 0 is the determinant of the matrix above, the system has a unique
solution for all n ∈ Z. We now proceed to show that u = ∑n∈Z unψn(x) ∈ Z. From
the system above we get
(6.5)
Dn(λ)u1,n = (λ+ a)f1,n − f2,n ,
(λ+ a)u2,n = (u1,n + f2,n) .
The first equation leads to the bound |Dn(λ)u1,n|2 ≤ (1 + |λ + a|2)‖fn‖22. We note
that Dn(λ) ∼ n2 as n→∞: there exist an integer n0(λ) and a positive real constant
C(λ) such that C(λ)|Dn(λ)| ≥ n2 for all n > n0(λ), from which we deduce
n4|u1,n|2 ≤ C(λ)−2(1 + |λ+ a|2)‖fn‖22 = K1(λ)‖fn‖22, for all n > n0(λ).
Since λ 6= −a, the second equation in (6.5) gives the following bound
|u2,n|2 ≤ 2|λ+ a|−2
(|u1,n|2 + |f2,n|2)
≤ 2|λ+ a|−2(K1(λ) + 1)‖fn‖22
= K2(λ)‖fn‖22 for all n > n0(λ).
therefore n4|u1,n|2 + |u1,n|2 ≤ max
(
K1(λ),K2(λ)
)‖fn‖22 for all n > N1(λ) and owing
to f ∈ X, we conclude that there exists K(λ) such that ‖u‖Z ≤ K(λ)‖f‖X . For all n,
SPATIO-TEMPORAL CANARDS AND DELAYED BIFURCATIONS 25
un is the unique solution to (6.4), hence the uniqueness of the Fourier series implies
uniqueness of u.
Step 2: E ⊇ ρ(L). Equivalently, we prove C \E ⊆ C \ ρ(L) = σ(L). If there exist
λ ∈ C and n ∈ Z such that Dn(λ) = 0, then (6.4) does not have a solution, hence
λ ∈ σ(L). If λ = −a, then (λ− L)u = f does not have a solution in Z for all f ∈ X,
because λ = −a implies u1 = −f2 ∈ L2(0, 2pi), hence u1 6∈ H2per(0, 2pi) in general. We
therefore have −a ∈ σ(L).
Proposition 6.5 and Hypothesis 6.4 imply
σ(L) =
{
± i
√
1− a2,−a
}
∪
{−n2 +√(n2 − 2a)2 − 4
2
: n ∈ Z6=0
}
therefore the homogeneous equilibrium u ≡ 0 ∈ X of the fast sybsystem of (6.2) un-
dergoes a Hopf bifurcation at (v, b, c) = (0, 0, 0), with Hopf frequency ω∗ =
√
1− a2 =√
1− (b∗)2. It can be shown (we omit this calculation for brevity)
Reσs(L) ⊂ (−∞,−a/2), σc(L) = {±iω∗}, σu(L) = {∅},
therefore Hypothesis 4.3 holds with n = 2 and γ = a/2.
6.2.4. Checking Hypothesis 4.4. Checking this hypothesis directly may be
challenging in applications. However, in a wide class of problems, this hypothesis can
be replaced by some other conditions, which are easier to check. In particular, since
X = Y and X,Y, Z are Hilbert spaces, it suffices to prove the following condition [44,
Section 2.2.3, Theorem 2.20].
Proposition 6.6. Let L ∈ L(Z,X) be the linear operator defined in (6.3). There
exist ω0,K0 > 0 such that, for all ω ∈ R with |ω| > ω0, iω ∈ ρ(L) and
(6.6) ‖(iω − L)−1‖L(X,X) ≤ K0/|ω|
Proof. We note that iω ∈ σ(L) if, and only if, |ω| = √4− (n2 − 2a)2/2 < 1, hence
|ω| > 1 implies iω ∈ ρ(L). Henceforth we set ω1 = 1 for notational convenience. We
now fix ω with |ω| > ω1, f ∈ X, and prove that there exist K0, ω0 such that
(6.7) ‖(iω − L)−1f‖X ≤ K0‖f‖X/|ω|
which implies (6.6). Since iω ∈ ρ(L), there exists a unique u ∈ Z such that u =
(iω − L)−1f , hence
(6.8) − ∂2xu1 +
(
iω − a+ 1
iω + b
)
u1 = f1 − f2
iω + b
, u2 =
u1 + f2
iω + b
.
We use Lemma 6.1 to bound u1: the operator ∂
2
x in (6.8) maps from : H
2
per((0, 2pi),C)
to L2((0, 2pi),C), and(
iω − a+ 1
iω + b
)
∈ ρ(∂2x), f1 −
f2
iω + b
∈ L2((0, 2pi),C),
therefore we obtain
|ω|
(
1− 1
ω21 + b
2
)
‖u1‖L2 ≤
∥∥∥∥f1 − f2iω + b
∥∥∥∥
L2
≤
(
1 +
1√
ω21 + b
2
)
‖f‖X
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We conclude that there exist constants K2, ω2 = 1 + ω1 > 0 such that for all ω ∈ R
with |ω| > max(ω1, ω2)
‖u1‖L2 ≤ K2|ω| ‖f‖X .
Taking the norm of the second equation in (6.8), we arrive at the following bound,
valid for all ω with |ω| > max(ω1, ω2)
‖u2‖L2 ≤ 1√
ω2 + b2
(
1 +
K2
|ω2|
)
‖f‖X = 1|ω|
|ω|+K2√
ω2 + b2
‖f‖X ,
and we conclude that there exist K3, ω3 > 0 such that, for all ω ∈ R with |ω| >
max(ω1, ω2, ω3)
‖u2‖L2 ≤ K3|ω| ‖f‖X .
Using the bounds found for ‖u1‖L2 and ‖u2‖L2 we find, for all ω ∈ R with |ω| >
max(ω1, ω2, ω3),
‖(iω − L)−1f‖X =
(‖u1‖L2 + ‖u1‖L2)1/2
≤
√
K22 +K
2
3
|ω| ‖f‖X .
Therefore (6.7) holds and, hence, (6.8) hold with ω0 = max(ω1, ω2, ω3) and K0 =√
K22 +K
2
3 .
6.2.5. System of 2-fast, 1-slow variables. The sections above show that
the hypotheses of Lemma 5.6 hold for the FitzHugh-Nagumo reaction-diffusion sys-
tem (6.1). This leads to the finite-dimensional Hopf normal form (5.4) for which the
function G in the slow equation is the identity. We obtain the system
(6.9)
A˙ = iωA+ α(B,µ, ε)A+ βA|A|2 + δε2 + h.o.t.
B˙ = ε
where A and B are one-dimensional complex and real variables, respectively. One
can then apply classical results on slow passage through a Hopf bifurcation to this
sytem. Such results were first unveiled by Shishkova [72] and then proved within a
general framework by Neishtadt [64, 65, 66]; see also [68, 6, 48] for an independent
treatment. We therefore have a theoretical local explanation for the numerical results
shown in Figure 2.3. We note that it is straightforward to apply the theory above
to any reaction–diffusion system of PDEs, for which we expect to find generically a
slow-passage through Hopf bifurcations. Other types of boundary conditions can also
be easily included, by changing the underlying function spaces.
6.3. Slow passage through Turing in a nonlocal reaction-diffusion equa-
tion. We have presented numerical results showing a slow-passage through a Turing
bifurcation for a system of reaction diffusion equations, and for a one-component non-
local reaction-diffusion equation model. In this section, we present in detail only the
nonlocal case, which is less well-studied. The computations for the other case follow
in a similar way, and we omit them here.
We recall the model under consideration,
(6.10)
∂tu(x, t) = d∂
2
xu(x, t) + v(t)u(x, t)− u(x, t)
∫
Ω
w(x− y)u(y, t) dy,
v˙ = ε
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for (x, t) ∈ Ω× R>0, with Ω = R/2lZ, which implies periodic boundary conditions
u(−l, t) = u(l, t), t ∈ R>0.
This model is obtained from (2.6) by setting v 7→ v − b, which slightly simplifies the
notation. We make some preliminary assumptions on the kernel and on the existence
of a homogeneous equilibrium.
Hypothesis 6.7. The interaction kernel w ∈ L1(Ω) is an even 2l-periodic function,
with Fourier coefficients (wi)i∈Z, w0 = 1. Further, there exist u∗, v∗, d∗ ∈ R>0 and
n∗ ∈ Z6=0 such that u(x, t) ≡ u∗ is an equilibrium of (6.10) for (v, d, ε) = (v∗, d∗, 0)
with u∗ = v∗, d∗ = −v∗wn∗ l2/(n∗pi)2.
As we shall see below, the requirement on d∗ guarantees that u∗ undergoes a Turing-
like bifurcation to a mode with wavelength pi/(ln∗). A change of variables, similar to
the one used in other examples, leads to the system
(6.11)
∂tu = (d∗∂2xu− u∗W )u+ (d∂2x + v)u+ u∗v − uWu
v˙ = ε
where we dropped the tildes and set (Wu)(x) =
∫
Ω
w(x − y)u(y) dy. The system
above is in the form (6.2) with
L = d∗∂2x − u∗W, R(u, v, µ, ε) = (µ∂2x + v)u+ u∗v − uWu, G(u, v, ε) = ε
where µ = d.
6.3.1. Choice of function spaces. In this problem, we choose Z = H2per(Ω)
and Y = X = L2per(Ω). We note that X = Y is a consequence of the fact that the
linear operator in the original problem (6.10) contains a Laplacian and is parameter
dependent.
6.3.2. Checking Hypothesis 4.2. Since w ∈ L1(Ω) by Hypothesis 6.7, the
Young’s convolution theorem [17, Theorem 4.15] gives
‖Wu‖X ≤ ‖w‖L1‖u‖X , for all u ∈ X, ‖Wu‖Z ≤ ‖w‖L1‖u‖Z , for all u ∈ Z.
We conclude that, since ∂2x and W are continuous operators from Z to X, then their
linear combination L is in L(Z,X). As for the nonlinear function R, we note that
the mapping u 7→ uWu, seen as a nonlinear operator from Z to Z, is the composition
of W and a product in the Banach algebra Z. Since W ∈ L(Z), we conclude that
R ∈ Ck(Z × R× R× R, X) for any integer k.
6.3.3. Checking Hypothesis 4.3. We now study the spectrum of L which is
a closed operator in X with domain Z. Since Z is compactly embedded in X by the
Sobolev embedding theorem (see [17], Theorem 8.8), it follows that L has a compact
resolvent. Thus, the spectrum of L consists of at most a countable sequence of isolated
eigenvalues with finite algebraic multiplicity (see [55, Theorem III.6.29]) which can
accumulate at 0 or ±∞. For the problem under consideration we can directly compute
this sequence, and obtain
σ(L) = {−d∗(npi/l)2 − u∗wn : n ∈ Z}.
Since w ∈ L1(Ω), the Riemann–Lebesgue Lemma [71, Chapter 6] implies wn → 0 as
n→∞, hence the spectrum accumulates at infinity. Hypothesis 6.7 guarantees that
σc(L) = {0}, σu(L) ∪ σs(L) = {−d∗(npi/l)2 − u∗wn : n ∈ Z6=n∗},
and we have a spectral gap for L.
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6.3.4. Checking Hypothesis 4.4. Since Y = X, we proceed as in subsec-
tion 6.2.4, and we prove a result analogous to Proposition 6.6. We write L = L1 +L2,
where L1 = d∗∂2x and L2 = −u∗W . We note that σ(L1) is purely real, hence
iω ∈ ρ(L1). We apply in sequence Lemmas 6.1 and 6.3, and conclude that there
exist positive constants ω0,K0 such that ‖(iω − L)−1‖L(X) ≤ K0/|ω| for all ω ∈ R
with |ω| > ω0, hence Hypothesis 4.4 holds.
6.3.5. Reduction to 1-slow, 1-fast system. We note that Hypothesis 5.8
holds with Tϕ and S representing translations by ϕ ∈ R/2lZ and reflections about
the x = 0 axis, respectively, that is
(Tϕu)(x) = u(x− ϕ), (Su)(x) = u(−x), x, ϕ ∈ R/2lZ.
We can then apply Lemma 5.9 and obtain, in a neighbourhood of the origin, a 1-slow,
1-fast system
(6.12)
A˙ = α(B,µ, ε)A+ βA|A|2 +O((|B|+ |µ|+ ε+ |A|2)2),
B˙ = ε,
where α, β ∈ R. The reduction above leads to studying an ODE with 1 fast and m slow
variables. We have not computed the coefficients α and β explicitly, but the numerical
bifurcation analysis performed in subsection 2.3.1 indicates a pitchfork bifurcation for
ε = 0 (a Turing bifurcation of the nonlocal model). The results in [57] apply to (6.12)
in this case: when ε 6= 0 we expect a slow-passage through the pitchfork bifurcation;
this confirms what has been found numerically in Figure 2.5, namely the dynamics
stays close to the branch of homogeneous steady states, past the Turing bifurcation.
Similar considerations apply to the sub- and super-critical Turing bifurcations found
in the local model presented in subsection 2.3.2.
6.4. Spatio-temporal canards in a neural field model. In this section we
study centre-manifold reductions for the nonlocal neural field problem (2.1) where Ω
is a compact subset of Rd. We introduce the integral operators
W : u 7→
∫
Ω
w( · , y)u(y) dρ(y), Q : (u, v) 7→
∫
Ω
θ(u, v)(x) dρ(x),
where the integrals are over Ω, and the Nemytskii operator N : (u, v) 7→ θ(u(x), v),
and rewrite the original model as
u˙ = −u+WN(u, v1),
v˙1 = ε
(
v2 + cQ(u, v1)
)
,
v˙2 = ε
(− v1 + a+ bQ(u, v1)).
We make the following preliminary assumption:
Hypothesis 6.8. The firing rate function θ is in Ckb (R2), the space of bounded
functions defined on R2 with continuous bounded derivative up to order k, for some
k ≥ 2. The synaptic kernel w is in C(Ω2). There exists (u∗, v∗1) ∈ C(Ω)×R such that
u∗ = WN(u∗, v∗1). In addition, 1 is a simple eigenvalue of WDuN(u∗, v∗1), where
DuN(u∗, v∗1) : u 7→ ∂uθ(u∗, v∗1)u is regarded as an operator from C(Ω) to itself.
The setting of this example is different from the previous ones. Firstly, we note
that in this case u∗ is not a homogeneous equilibrium of the model, and indeed
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canards were found in [3] close to saddle-node bifurcations of heterogeneous equilibria.
Secondly, in this problem, we aim to provide an example of evolution equation on a
Banach space as opposed to a Hilbert space (which is why we demand u∗ ∈ C(Ω)).
This functional setting is more challenging, because we can not use resolvent estimates
as in Propositions 6.5 and 6.6, and instead Hypothesis 4.4 must be checked directly.
A Hilbert-space setting is however possible, and relies on results in [63, 44].
After setting u = u∗ + u˜, v1 = v∗1 + v˜1, and dropping tildes, we obtain
(6.13)
u˙ = −u+WDuN(u∗, v∗1)u+R(u, v1)
v˙1 = ε
(
v2 + cQ(u∗ + u, v∗1 + v1)
)
v˙2 = ε
(− v∗1 − v1 + a+ bQ(u∗ + u, v∗1 + v1))
which fits in our framework with µ = (a, b, c),
(6.14) L : u 7→ −u+WDuN(u∗, v1∗)u,
and nonlinear terms R,G given by
R(u, v1) = v1
∫
Ω
w(x, y)∂v1θ(u∗(y), v∗1) dy + o(|u|+ |v1|)
G(u, v, µ) =
(
v2 + µ3Q(u∗ + u, v∗1 + v1),−v∗1 − v1 + µ1 + µ2Q(u∗ + u, v∗1 + v1)
)
6.4.1. Function spaces and Hypothesis 4.2. For this example we choose
Z = Y = X = C(Ω). For all u ∈ Z we have, owing to Hypothesis 6.8,
‖Lu‖X = ‖Lu‖∞ ≤
(
1 + meas(Ω)‖w‖∞‖∂uθ‖∞
)‖u‖∞ := K‖u‖Z ,
where the infinity norms are on C(Ω) or C(Ω2), as appropriate. Therefore L ∈
L(Z,X). The nonlinear terms R satisfy Hypothesis 4.2.
6.4.2. Checking Hypothesis 4.3. We first recall the following result:
Lemma 6.9. If Hypothesis 6.8 holds the operator WDuN ∈ L(X) is compact.
Proof. As Ω¯ is compact, the Weierstrass theorem provides a sequence of poly-
nomials (wk)k which tends to w in C(Ω¯
2), and the same is true for the associated
integral operators (Wk)k in L(X). These operators have finite dimensional range and
are thus compact operators. The set of compact operators is closed in L(X) (see [17])
hence leading to the conclusion that W is compact. As DuN is a continuous operator
on X, WDuN is compact.
It follows that the spectrum σ(WDuN) of WDuN contains 0, and σ(WDuN)\{0}
consists at most of a countable sequence of isolated eigenvalues with finite algebraic
multiplicity which may accumulate at 0. Since L = − idX +WDuN and Hypothe-
sis 6.8 holds, Hypothesis 4.3(i) is verified, and there exists a spectral gap γ > 0 which
may be chosen such that Hypothesis 4.3(ii) is satisfied. In addition, the structure of
the spectrum of WDuN implies that σu(L) is finite and Xu is finite dimensional.
6.4.3. Checking Hypothesis 4.4. As anticipated above, since we are dealing
with a quasilinear formulation (Y = X) on a Banach space, we can not make use
of resolvent estimates and we must verify Hypothesis 4.4 directly (see also [51] for
a similar strategy). In the following, we write T (t) = etL ∈ L(X) the semigroup
generated by L. We initially derive the following useful estimates:
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Proposition 6.10. Assume Hypothesis 6.8, and let L be the operator defined in
(6.14), and let Pu, Ps be the associated projectors on Xu, Xs, respectively. There
exists a constant M > 0 such that
‖T (t)Pu‖ ≤Meβut for all t ≤ 0, βu ∈
(
0, min
λ∈σu
Reλ
)
,(6.15)
‖T (t)Ps‖ ≤Me−βst for all t ≥ 0, βs ∈
(
0,− sup
λ∈σs
Reλ
)
.(6.16)
Proof. The space Xu is finite dimensional(see subsection 6.4.2), hence T (t)Pu has
finite-dimensional range, and a Dunford decomposition yields (6.15). The operator
T (t)Ps is bounded on X. As a consequence, the spectral mapping theorem [34, Section
VII.3.6, Theorem 11] yields σ (T (t)Ps) \ {0} = etσs(L). Finally, an application of the
Gelfand spectral radius theorem [34] yields (6.16). Note that Hypothesis 6.8 provides
the existence of βu, βs.
Proposition 6.11. Assume the hypotheses of Proposition 6.10. Then Hypothe-
sis 4.4 holds with
(Ksuf)(t) = −
∫ ∞
t
T (t− τ)Puf(τ) dτ +
∫ t
−∞
T (t− τ)Psf(τ) dτ .
Proof. Hypothesis 4.4 is stated in terms of the constant γ > 0, fixed as in Hypoth-
esis 4.3(ii). The constant can be chosen to be γ = min(βs, βu)/2, where βu, βs are in
the range specified in Proposition 6.10. Henceforth we fix η ∈ [0, γ], f ∈ Cη(R, Ysu),
let u = Ksuf , and we prove that Hypothesis 4.4 holds for u, using 4 steps.
Claim 1: u is exponentially bounded. Owing to the standard properties of the
projectors Ps, Pu, we have u(t) ∈ Zsu for all t ∈ R. We set u = us + uu with
us(t) =
∫ t
−∞
T (t− τ)Psf(τ) dτ, uu(t) = −
∫ ∞
t
T (t− τ)Puf(τ) dτ,
and use (6.16) to derive the following bound
‖uu(t)‖Z ≤M ‖f‖η
∫ ∞
t
eβu(t−τ)+η|τ | dτ
≤M ‖f‖η eη|t|
∫ ∞
0
e(τ−βu)τ dτ =
M
βu − η ‖f‖η e
η|t|.
A similar bound can be found for us, and we obtain
‖u(t)‖Z ≤
(
1
βu − η +
1
βs − η
)
M ‖f‖η eη|t|.
Claim 2: u is in Cη(R, Zsu). The above estimate, the continuity of f : R → X
and the dominated convergence theorem imply that u : R → X is continuous and
u ∈ Cη(R, Zsu). In passing we note that the estimate above also implies ‖Ksu‖ ≤
Π(η) = M/(βu − η) +M/(βs − η).
Claim 3: u is differentiable in X and solves (4.2). We treat the term us(t) for
some fixed t ∈ R, as the result for uu(t) follows in a similar way. Using a Taylor
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expansion of the exponential Ts(τ) = e
Lsτ we obtain, for sufficiently small ε,
us(t+ ε)− us(t) =
∫ t
−∞
[Ts(t− τ + ε)− Ts(t− τ)]f(τ) dτ +
∫ t+ε
t
Ts(t− τ + ε)f(τ) dτ
= εLs
∫ t
−∞
Ts(t− τ)f(τ) dτ + Ts(ε)
∫ t+ε
t
Ts(t− τ)f(τ) dτ +O(ε2)
= εLs
∫ t
−∞
Ts(t− τ)f(τ) dτ + εPsf(t) +O(ε2).
Hence, us is differentiable at t and u˙s(t) = Psf(t) + Lsus(t). It follows that us is C
1
in X. The claim is proved using a similar argument for uu.
Claim 4: u is unique. Assume there are two solutions u, u˜ to (4.2). Then ν = u−u˜
solves ν˙ = Lsuν and belongs to Cη(R, Xsu). This implies ν(0) ∈ Xs∩Xu = {0}, hence
ν(t) ≡ 0 and the uniqueness of u.
6.4.4. Reduction to 1-fast 2-slow system. We now apply Lemma 5.3 to
(6.13).We note that γ(µ, ε) = 0 because R is independent of (µ, ε); in addition, R
does not depend on v2, hence α(B) and higher order terms depend solely on B1. In
a neighbourhood of the origin we obtain the reduction
(6.17)
A˙ = αB1 + βA
2 + ω(A,B1, µ, ε)
B˙1 = ε
(
B2 + µ3H(A,B1, B2, µ, ε)
)
B˙2 = ε
(− v∗1 −B1 + µ1 + µ2H(A,B1, B2, µ, ε)) ,
where H : R3 × Rp × R→ R is defined by
(6.18) H(A,B1, B2, µ, ε) = Q(u∗ +Aζ + Ψ(A, (B1, B2), µ, ε), v∗1 +B1),
and
ω(A,B1, µ, ε) = O
(
A2(|B1|+ |µ|+ |ε|) + (|B1|+ |µ|+ |ε|)2
)
.
Lemma 6.12. Assume α, β 6= 0, and let Oµ be defined as in Lemma 5.3. There
exists an open subset Uµ ⊂ Oµ and a function ξ : Uµ → R such that system (6.17)
admits a folded singularity at (A,B1, B2, µ) = (0, 0, ξ(µ), µ) for all µ ∈ Uµ. The folded
singularity is
• a folded saddle if J12J21 > 0,
• a folded node if J11 < 0 and J211 + 4J12J21 > 0,
• a folded saddle-node if J12J21 = 0,
where
J11 = µ3β/α
[
∂AH(0, 0, ξ(µ), µ, 0) + ∂B1H(0, 0, ξ(µ), µ, 0)∂Aη(0, µ)
]
,
J12 = β/α
[
1 + µ3∂B2H(0, 0, ξ(µ), µ, 0)
]
,
J21 = −2(−v∗1 + µ1 + µ2H(0.0, ξ(µ), µ, 0).
Proof. By setting t˜ = t/β, ε˜ = ε/β, κ = β/α (and dropping the tilde in ε) we
cast system (6.17) as
(6.19)
A˙ = κB1 +A
2 + ω(A,B1, µ, ε),
B˙1 = ε
(
B2 + µ3H(A,B1, B2, µ, ε)
)
,
B˙2 = ε
(− v∗1 −B1 + µ1 + µ2H(A,B1, B2, µ, ε)).
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After passing to the slow time τ = εt in (6.19) we obtain, at ε = 0, the slow subystem
(6.20)
0 = κB1 +A
2 + ω(A,B1, µ, 0),
B′1 =
(
B2 + µ3H(A,B1, B2, µ, 0)
)
,
B′2 =
(− v∗1 −B1 + µ1 + µ2H(A,B1, B2, µ, 0)).
The critical manifold is a graph over A in the neighbourhood of the origin; the Implicit
Function Theorem guarantees the existence of a subset VA × Vµ of OA × Oµ, and a
unique function η : VA × Vµ → R such that
0 = κη(A,µ) +A2 + ω(A, η(A,µ), µ, 0) (A,µ) ∈ VA × Vµ.
The desingularised reduced system associated to (6.20) is given by
(6.21)
A˙ =
[
κ+ ∂B1ω(A, η(A,µ), µ, 0)
][
B2 + µ3H(A, η(A,µ), B2, µ, 0)
]
B˙2 =
[− 2A− ∂Aω(A, η(A,µ), µ, 0)][− v∗1 −B1 + µ1 + µ2H(A, η(A,µ), B2, µ, 0)].
Since by the Implicit Function Theorem κ+ ∂B1ω(A, η(A,µ), µ, 0) does not vanish in
VA × Vµ, then a folded singularity of (6.17) is an equilibrium of (6.21) satisfying
0 = B2 + µ3H(A, η(A,µ), B2, µ, 0),
0 = −2A− ∂Aω(A, η(A,µ), µ, 0).
The second equation holds for A = 0. A further application of the Implicit Function
Theorem to the first equation with A = 0 then yields the existence of Uµ ⊂ Vµ a
function ξ : Uµ → R such that (A,B1, B2) = (0, 0, ξ(µ)) is a folded singularity. The
statement follows from the fact that the Jacobian of (6.21) at the folded singularity
is the matrix [
J11 J12
J21 0
]
.
The previous lemma implies that solutions to the original neural field model near
saddle-node bifurcation points of the fast subsystem, which are patterned states, are
expected to display canard segments. The existence of these structures was predicted
analytically in [3] in the case of Heaviside firing rate θ and is therefore valid for generic
smooth, bounded firing rates. Simulations have been reproduced from that paper in
Figures 2.1 and 2.2. We note that, while Lemma 6.12 does not directly apply when
Ω is a ring or a sphere, similar dynamics is observable on Neural Field models with a
heterogeneous external input, which are not equivariant with respect to the action of
a Lie group, and to which Lemma 6.12 applies.
6.5. Delay-differential equation. We now present results for the DDE (2.4).
The treatment of this case is separate to the others, as it requires different technical
tools. We provide pointers to specialised literature on the topic further below in the
section.
We denote by u∗ an equilibrium of the fast subsystem associated to (2.4), set
u = u∗ + x, and obtain
(6.22)
x˙(t) = vx(t)− x(t− τ) + u3∗ − (u∗ + x(t))3, t ≥ 0
x(t) = ϕ(t), t ∈ [−τ, 0].
The analysis of delay differential equations is technical and relies on tools from
functional analysis and semigroup theory [36]. In this section, we aim to provide a
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self-contained treatment for the analysis of (6.22), and we refer the reader to the
textbooks [43, 31] for an exhaustive treatment of the subject.
To make sense of the right hand side of (6.22), x must be known on a time interval
of length τ , typically a history time interval [t−τ, t]. This implies that the state space
of (6.22) is infinite dimensional and included in some function space from [−τ, 0] to
R. The choice of this function space affects the analysis of (6.22). For example, if
we were to choose X = C0([−τ, 0],R), it would appear that the operator L in (4.1)
encodes the delay differential equation in its domain Z (see [43] and Remark 6.13).
We therefore would not apply the centre-manifold results presented in the previous
sections, as the space Z would depend on the parameter v.
The standard formalism aimed to tackle this difficulty is that of the sun-star
calculus [30, 31] which seeks solutions in a larger state space of less regular functions.
This theory can also be applied to centre-manifold reductions [31]. Here we present
a self-contained example that does not require the additional technical knowledge of
sun-star calculus. We proceed as follows:
1. We select the state spaces Z, Y,X as suggested by the sun-star theory and
check that they are suitable for our problem (see also [10] for a way to bypass
the use of sun-star calculus).
2. We do not apply the center manifold reduction exposed in [30, 31] because
that approach looks for integral solutions to the problem and thus solves (4.2)
in Cη(R, X) instead of Cη(R, Z), which is required by our formalism. It is
possible to adapt the proof in [30, 31] to fit our framework, but we choose
a direct and self-contained approach. We highlight that we will exploit (in
Lemma 6.17) the fact that the nonlinearity R has a finite-dimensional range,
as it is done in the sun-star references given above.
Before proceeding we introduce, for any t ≥ 0 the history function wt : [−τ, 0]→
X of w : [−τ,∞)→ X defined by wt(θ) := w(t+ θ).
6.5.1. Function spaces and Hypothesis 4.2. A first step in the presentation
is to rewrite (6.22) as a Cauchy problem. We chose a Hilbert space setting with X =
Y = R×L2((−τ, 0),R) and we denote by pi1, pi2 the canonical projections from X onto
R and L2((−τ, 0),R), respectively. We set Z = {u ∈ R×W 1,2((−τ, 0),R) | (pi2u)(0) =
pi1u} and note that Z is continuously embedded in X. This allows us to define the
following operators (see [10]):
(6.23) L =
(
v Φ
0 ddθ
)
∈ L(Z,X), R(u) =
(
u3∗ − (u∗ + pi1(u))3
0
)
where Φ = u2 → −u2(−τ) ∈ L(W 1,2(−τ, 0;R),R). Note that R(u) /∈ Z for u ∈ Z.
However, R ∈ C∞(Z,X) because Z is a Banach algebra.
In conclusion, we consider the Cauchy problem
u˙ = Lu+R(u)
with initial condition in Z. Although it may appear mysterious at first, one can check,
using the first component, that (6.22) is indeed encoded by the above Cauchy problem
and this provides Hypothesis 4.2.
Remark 6.13. A possible alternative choice [43, 31] is to define
X = C0([−τ, 0],R), Z =
{
ϕ ∈ C1([−τ, 0],R) | d
dθ
ϕ(0) = vϕ(0)− ϕ(−τ)
}
,
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and then
L : Z → X, u 7→ d
dθ
u.
With this choice Z depends on the parameter v, which is not suitable for our analysis
because the spaces Z, Y,X cannot depend on a varying parameter. One then can use
the sun-star formalism [30, 31, 36], akin to a double dual operation, to rewrite the
problem in the space X = R× L∞((−τ, 0),R) obtaining a form similar to (6.23).
6.5.2. Checking Hypothesis 4.3. We now check hypotheses on the spectrum
of L in (6.23), which is characterised in the following lemma:
Lemma 6.14. Fix τ > 0, v ∈ R. The spectrum of L is composed solely of eigen-
values and is given by σ(L) = {λ ∈ C : v − e−λτ − λ = 0}. An eigenvector associated
to the eigenvalue λ ∈ σ(L) is (1, eλ · ) ∈ Z.
Proof. In this proof, we write L2 = L2((−τ, 0),R) and W 1,2 = W 1,2((−τ, 0),R)
to simplify notations. Let E = {λ ∈ C : v− e−λτ − λ 6= 0}. We prove that E ⊇ ρ(L)
by showing that C \ E ⊂ σ(L). For each λ solution of v − e−λτ − λ = 0, (1, eλ · ) ∈ Z
is an eigenvector showing that λ− L is not invertible.
Conversely, we consider λ ∈ E. We show that the equation Lu = λu + w has a
unique solution u ∈ Z for any w ∈ X. Writing u = (u1, u2), one finds
d
dθ
u2 = λu2 + w2, u2(θ) = e
λθu1 +
∫ θ
0
eλ(θ−s)w2(s)ds.
The implies that u2 is of Sobolev regularity. One also has vu1 − u2(−τ) = λu1 + w1
which gives
(v − e−λτ − λ)u1 = w1 +
∫ −τ
0
eλ(−τ−s)w2(s)ds.
This equation has a unique solution u1 ∈ R because λ ∈ E and this provides the
unique solution to Lu = λu+w. Finally, ‖u‖Z = |u1|+ ‖u2‖W 1,2 . From the Cauchy-
Schwartz inequality
|u1| ≤ 1|v − e−λτ − λ|
(|w1|+ ‖eReλ ·‖L2‖w2‖L2) = O (‖w‖X) .
From the definition of u2, we find
‖u2‖L2 ≤ ‖eλ ·‖∞
(|u1|+√τ‖w2‖L2) = O (‖w‖X) .
Finally, ∥∥∥∥ ddθu2
∥∥∥∥
L2
≤ |λ| · ‖u2‖L2 + ‖w2‖L2 = O (‖w‖X) .
This implies that ‖u‖W 1,2 = O (‖w‖X). We have shown that
σ(L) = {λ ∈ C : v − e−λτ − λ = 0}.
We note that the spectrum is composed of eigenvalues λ because the vector (1, eλ · ) ∈
Z is an associated eigenvector.
The spectrum of L is composed of the zeros of an holomorphic function, hence the
(at most countable) spectral elements are isolated. Therefore Hypothesis 4.3 holds
and σu is finite. As a consequence Xu is finite dimensional. Note that the Dunford
projectors Pu, Ps are easily expressed using the expression of the eigenvectors and the
scalar product on X.
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Remark 6.15. Using the different branches (Wk)k∈Z of the Lambert function W
(see [27]) which satisfies W (z)eW (z) = z, z ∈ C, it is possible to compute all the
eigenvalues
λk = v +
1
τ
Wk
(−τe−τv) , k ∈ Z.
6.5.3. Checking Hypothesis 4.4. We now check the last hypothesis required
to have a center manifold, namely Hypothesis 4.4 which is more challenging than
the previous steps. The case we study is a nontrivial example for which the sufficient
conditions stated in [44, Section 2.2.3] do not hold, whereas Hypothesis 4.4 is satisfied.
As for the neural field example, we check directly that the solution to (4.2) is
(Ksuf)(t) = −
∫ ∞
t
T (t− r)Puf(r)dr +
∫ t
−∞
T (t− r)Psf(r)dr
where (T (t)) is the (strongly continuous) semigroup of solutions generated by L. This
semigroup can be directly expressed using the method of steps. We first give the
expression of (T (t)) which allows to properly define Ksu.
Lemma 6.16. Let (x, ϕ) ∈ X. For each t ∈ [0, τ ] we have
(6.24)
pi1 (T (t) (x, ϕ)) = e
vtx−
∫ t
0
ev(t−s)ϕ(s− τ)ds := u1(t)
pi2 (T (t) (x, ϕ)) = (u1)t
where (u1)t is the history function of u1. In addition, range(T (τ)) ⊂ Z.
Proof. Let us compute the linear flow u(t) = T (t) (x, ϕ) for (x, ϕ) ∈ X. We write
ui = pii(u), for i = 1, 2. We start with (x, ϕ) ∈ D(L) = Z. Proposition 3.9 in [10]
shows that u1 is solution of
u˙1(t) = vu1(t) + Φ((u1)t), t ≥ 0
u1(0) = x,
u1(θ) = ϕ(θ), t ∈ [−τ, 0)
and u2(t) = (u1)t. We have u˙1(t) = vu1(t)− u1(t− τ) and for t ∈ [0, τ ], we get
(6.25) u1(t) = e
vtx−
∫ t
0
ev(t−s)ϕ(s− τ)ds.
We thus have the expression of u(t) = T (t) (x, ϕ) for t ∈ [0, τ ] on Z. Further, as Z is
dense in X, we can consider a sequence such that Z 3 (xn, ϕn) → (x, ϕ) ∈ X. The
above analytical expression shows that the pi1(T (t) (xn, ϕn)) converges to the right
hand side of (6.25) in X, namely
pi1(T (t) (x, ϕ)) = e
vtx−
∫ t
0
ev(t−s)ϕ(s− τ)ds.
Proposition 3.11 in [10] shows that the second component pi2(T (t) (x, ϕ)) is actually
(u1)t. We thus have found the expression of T (t) for t ∈ [0, τ ] in the whole space X.
The last statement is straightforward to check, using an approach similar to the proof
of Lemma 6.14.
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Let us consider a general t = nτ + s with s ∈ [0, τ), the semigroup property
gives T (t) = T (τ)nT (s) and we thus have the expression of T (t) for any t ≥ 0.
We also assume that Proposition 6.10 holds for the above semigroup, this is usually
proved [80, 43] by showing that T is eventually norm continuous. Therefore, we have
everything at hand to define Ksuf as above.
In order to check Hypothesis 4.4, we need to:
1. show that Ksu ∈ L(Cη(R, Xsu), Cη(R, Zsu)),
2. show that Ksuf ∈ C1(R, X),
3. show that equality (4.2) holds in X for all t ∈ I.
We will not complete all the steps above, as this is laborious and parallels the proof
of [80, Proposition C4]. Instead, we underline some salient points which are different
from the previous examples, the most notable one being the gain of regularity of the
solution, that is, Ksuf belongs to Z, and is differentiable in X.
An additional technical point which proves useful is the following. From the proof
of the center manifold theorem in [44], it can be noted that the linear operator Ksu
is always applied to vectors such as PsuR(u), PsuDR(u), · · · . Given the particular
form of these vectors Psu
(
α
0
)
for some α ∈ R stemming from (6.23), we only have to
solve (4.2) for functions f which have the same shape, i.e. that belong to the specific
linear subspace Psu(R× {0}) of X.
We would wish to proceed as in the proof of Proposition 6.11, but we must adapt
it because the spaces Z,X are different in the present case and this requires to show
the gain of regularity. This gain of regularity from X to Z is provided below. For the
continuity of Ksu from Cη(R, Xsu) in Cη(R, Zsu), we refer to [80, Proposition C4].
Lemma 6.17. Let f ∈ Cη(R,R) and consider the stable component of Ksu:
u(t) =
∫ t
−∞
T (t− r)Ps (f(r), 0) dr.
Then for all t ∈ R u(t) ∈ Z, u is differentiable in X and u˙(t) = Lu(t) + Ps (f(t), 0).
Proof. Proposition 6.10 allows to give a meaning to the expression of u by showing
that it is well defined and finite. Here we first show that u(t) ∈ Z. Using a change of
variables, we find
u(t) =
∫ t
t−τ
T (t− r)Ps (f(r), 0) dr + T (τ)
∫ t
−∞
T (t− r)Ps (f(r − τ), 0) dr.
By Lemma 6.16, the second term is in Z, we therefore focus on the first term, which
we denote by u1. We fix r ∈ R and introduce
h(t, r) =
{
pi1T (t)Ps (f(r), 0) , if t ≥ 0,
f2(r)(t) = 0, if t ∈ [−τ, 0).
We know from the previous lemma Lemma 6.16 that
pi2T (t)Ps (f(r), 0) (θ) = h(t+ θ, r) for all θ ∈ [−τ, 0] .
Owing to Lemma 6.16, the only point left to show is pi2(u
1(t)) ∈W 1,2((−τ, 0),R),R).
For all θ ∈ [−τ, 0] we have
pi2(u(t))(θ) =
∫ t+θ
t−τ
h(t− r + θ, r)dr =
∫ t+θ
t−τ
ev(t−r+θ)f(r)dr.
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Since f ∈ C(R,R), it follows that pi2(u1(t)) ∈W 1,2((−τ, 0),R),R) and u(t) ∈ Z.
Finally, we address the differentiability of the solution. For a fixed t ∈ R and ε,
one finds
1
ε
(u(t+ ε)− u(t)) = 1
ε
(T (ε)u(t)− u(t)) + 1
ε
∫ t+ε
t
T (t+ ε− r)Ps (f(r), 0) dr.
By continuity of f , the last term converges to Ps (f(r), 0) in X as ε tends to zero. As
u(t) ∈ Z which is the domain of L,
T (ε)u(t)− u(t)
ε
→ Lu(t) as ε→ 0.
Hence, u is differentiable in X and satisfies (4.2) in X.
6.5.4. Slow-passage through Hopf bifurcation. Looking for purely imagi-
nary eigenvalues ±iω to the equation v − iω = e−iωτ , one finds that this requires
|v| ≤ 1 by taking the real part. By taking the norm, we find ω = ±√1− v2. Then
the Hopf bifurcation point vH is solution of vH = cos(τ
√
1− v2H). We now consider
such value of v for which σc = {±iω} with ω > 0. We can henceforth proceed as in
section 6.2.5 because the normal form and the slow system is identical to the present
one.
7. Conclusions. In this paper, we have provided new local results on the out-
standing problem of proving the existence of canard solutions in infinite-dimensional
slow-fast dynamical systems as well as delayed bifurcation scenarios in this context.
Namely, we have addressed the general case of systems with m slow variables and
infinitely many fast variables, that is, systems for which the fast component lives in
a Banach space. In this general context, we have proven center manifold reductions
near points where normal hyperbolicity was lost as these correspond to where canard
dynamics can emerge. This effectively enabled us to find local coordinates in which
the original infinite-dimensional problem reduces to an m-slow/n-fast system, where
standard results from canard theory and delayed bifurcations of ODEs apply. There-
fore, we have obtained the existence of local canard segments as well as slow passages
through bifurcations in the general framework of dynamical systems with m slow and
infinitely many fast variables. We then gave a complete rigorous description of such
results near a fold bifurcation of the original fast subsystem. We also provided the
main steps of the proofs in other cases, like in the slow passage through a Turing bifur-
cation, which had not been analysed before. In the case of the slow passage through a
Hopf bifurcation we could only show a “short” delay since analyticity of the original
problem is lost by the centre manifold reduction. Hence, the proof of a “long” delay
is an open problem. Finally, we brought new results along similar lines in slow-fast
delay-differential equations. Every case that has been covered theoretically was also
accompanied by a computational example. Future work will include connecting our
local results to global ones, in order to be able to fully describe canard solutions,
in particular canard cycles, in infinite-dimensional slow-fast dynamical systems, first
with finitely many slow variables and then in systems where both fast and slow vari-
ables are infinite dimensional, which is a substantially more difficult problem. Yet the
present work constitutes a necessary rigorous initial first step towards achieving this
research programme.
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his survey on centre-manifold reductions in infinite-dimensional systems.
Appendix A. Slow-fast concepts for ODEs. Here we recall basic notions
about slow-fast (finite-dimensional) dynamical systems and elements of geometric
singular perturbation theory (GSPT) [39, 53, 59, 85].
A.1. The standard GSPT setting. For ease of reference, we recall the singu-
lar perturbation problem (1.1),
(A.1)
u˙ = F (u, v, µ, ε)
v˙ = εG(u, v, µ, ε),
where (u, v) ∈ Rn × Rm, F and G are smooth functions on Rn × Rm × Rp × R, and
0 < ε  1 is the timescale separation parameter. The overdot (˙ = d/dt) refers to
the fast timescale t and, hence, we refer to (A.1) as the fast system. Alternatively,
we may introduce the time transformation dτ = ε dt which transforms (A.1) to the
equivalent slow system
(A.2)
εu′ = F (u, v, µ, ε)
v′ = G(u, v, µ, ε),
where prime (′ = d/dτ) refers now to the slow timescale τ . System (A.1) respectively
(A.2) are topologically equivalent and solutions often consist of a mix of slow and
fast segments reflecting the dominance of one time scale or the other. As ε→ 0, the
trajectories of (A.1) converge during fast segments to solutions of the n-dimensional
layer problem
(A.3)
u˙ = F (u, v, µ, 0)
v˙ = 0,
while during slow segments, trajectories of (A.2) converge to solutions of
(A.4)
0 = F (u, v, µ, 0)
v′ = G(u, v, µ, 0),
which is a m-dimensional differential-algebraic problem called the reduced problem.
GSPT uses these lower-dimensional subsystems (A.4) and (A.3) to predict the dy-
namics of the full (n+m)-dimensional system (A.2) or (A.1) for ε > 0.
Definition A.1. The set
(A.5) S := {(u, v) ∈ Rn × Rm | F (u, v, µ, 0) = 0}
is the set of equilibria of (A.3). In general, this set S defines a regular m-dimensional
differentiable manifold, i.e. the Jacobian D(u,v)F evaluated along S has full (row) rank
n. We refer to S as the critical manifold.
Remark A.2. In general, the set of singularities S could be a union of disjoint
manifolds or a union of manifolds intersecting along lower dimensional submanifolds.
The theory exists for these cases as well.
The existence of an m-dimensional manifold S in (A.3) implies that its Jacobian
evaluated along S has at least m zero eigenvalues corresponding to the m-dimensional
tangent space T(u,v)S of S at each point (u, v) ∈ S. We call these m eigenvalues trivial
associated with the v˙ = 0 subsystem in (A.3). The remaining n eigenvalues are called
nontrivial associated with the n-dimensional submatrix DuF |S .
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A.2. Normal hyperbolicity.
Definition A.3. A subset Sh ⊆ S is called normally hyperbolic if all (u, v) ∈ Sh
are hyperbolic equilibria of the layer problem (A.3), i.e., the non-trivial eigenvalues
have all nonzero real part.
• We call a normally hyperbolic subset Sa ⊆ S attracting if all non-trivial
eigenvalues have negative real parts for (u, v) ∈ Sa.
• Sr ⊆ S is called repelling if all non-trivial eigenvalues have positive real parts
for (u, v) ∈ Sr.
• If Ss ⊆ S is normally hyperbolic and neither attracting nor repelling we say
it is of saddle type.
Normal hyperbolicity induces a (unique) splitting of the corresponding tangent space
along S, i.e.
(A.6) T(u,v)Rn+m = T(u,v)S ⊕N(u,v) , ∀(u, v) ∈ Sh ,
where T(u,v)S and N(u,v) are invariant subspaces under the Jacobian
J =
(
DuF DvF
0 0
)
of (A.3). More precisely, T(u,v)S is in the kernel of J and, hence, corresponds to the
m trivial eigenvalues. This induces a linear map on the n-dimensional quotient space
N(u,v) = T(u,v)Rn+m/T(u,v)S corresponding to the n non-trivial eigenvalues of J . The
disjoint union of all T(u,v)S, TS = ∪T(u,v)S, forms the tangent bundle along S, while
the disjoint union of all N(u,v), N = ∪N(u,v)S, forms the corresponding fast fibre
bundle.
The reduced problem (A.4) is a differential algebraic problem and describes the
evolution of the slow variables v constrained to the critical manifold S. As a conse-
quence, S defines an interface between the two sub-systems (A.3) and (A.4). In the
case of normal hyperbolicity, the reduced vector field can be defined as a dynamical
system by appealing to the (unique) splitting (A.6) which defines a unique projection
operator
ΠSh : TRn+m|Sh = TSh ⊕N → TSh ,
a map from TRn+m onto the base space TSh along N . This projection operator
can be calculated explicitly, i.e. the reduced problem (A.4) along S is given by the
following dynamical system
(A.7)
(
u˙
v˙
)
= ΠSh
(
F1(u, v, µ, 0)
G(u, v, µ, 0)
)
=
(
0 −(DuF )−1DvF
0 1
)(
F1(u, v, µ, 0)
G(u, v, µ, 0)
)
=
(−(DuF )−1DvFG(u, v, µ, 0)
G(u, v, µ, 0)
)
,
where F1(u, v, µ, 0) is the O(ε) term in the power series expansion of the first com-
ponent F (u, v, µ, ε) with respect to ε of the vector field (A.1); G(u, v, µ, 0) is the
corresponding other (leading order) slow component. Note that DuF is a regular
square matrix due to normal hyperbolicity. This regularity implies via the implicit
function theorem that the critical manifold has a graph representation S = {(u, v) ∈
Rn+m : u = h(v)}. Hence, in the case of normal hyperbolicity, the reduced problem
(A.4) can be studied in this coordinate chart v given by
(A.8) v˙ = G(h(v), v, µ, 0) .
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The notion of normal hyperbolicity is central to the study of systems of the
form (A.1) as key assumption for the persistence of segments of S, which are invariant
for ε = 0, as local invariant slow manifold Sε for small enough ε > 0. These major
results have been obtained in the mid-1970s by Neil Fenichel [39].
A.3. Loss of normal hyperbolicity. Geometrically, loss of normal hyperbol-
icity occurs (generically) along codimension-one submanifold(s) of S where nontrivial
eigenvalue(s) of the layer problem crosses the imaginary axis. Within this set S\Sh,
we distinguish two subsets AH and F .
Definition A.4. Consider the two cases of loss of normal hyperbolicity associated
with the two generic codimension-one bifurcations in the layer problem (A.3):
• the set AH of Andronov-Hopf points associated with the crossing of a pair of
complex conjugate eigenvalues (with nonzero imaginary part),
• the set F of folds or saddle-node points associated with the crossing of a real
eigenvalue .
The layer problem is thus considered a bifurcation problem; see, e.g., [60]. The main
question is what happens to this bifurcation structure as the singular bifurcation
parameter 0 < ε  1 is turned on, i.e. when the ‘bifurcation parameter’ v starts to
evolve slowly. To answer this question, we need to understand the reduced problem
in a neighbourhood of these codimension-one subsets.
In the caseAH, we note that DuF is still a regular square matrix, i.e. det(DuF ) 6=
0 everywhere along S including AH. Hence the reduced problem can be still studied
in the slow coordinate chart given by (A.8). In general, the reduced vector field obeys
G(h(v), v, µ, 0) 6= 0 along AH ⊂ S. Thus the reduced flow crosses from one normally
hyperbolic branch of S via AH ⊂ S to another normally hyperbolic branch of S.
Assuming this reduced flow is from an attracting branch Sa to a repelling branch Sr/s
this leads to the phenomenon of delayed loss of stability through an Andronov-Hopf
bifurcation; see [65, 66, 46] for details.
In the case F , the matrix DuF is singular, i.e. det(DuF ) = 0 along F . So, we
cannot use (A.8) to describe the reduced flow. While system (A.7) is also not well
defined near fold(s) F ⊂ S, we can make an equivalence transformation as follows:
First, we use the identity (DuF )
−1 = adj(DuF )/(detDuF ) where adj(DuF ) denotes
the adjoint (or adjugate) of the matrix DuF , i.e. the transpose of the co-factor matrix,
which gives
(A.9)
(
u˙
v˙
)
=
− 1det(DuF ) adj(DuF )DvFG(u, v, µ, 0)
G(u, v, µ, 0)
 .
This isolates the singularity into the scaler function det(DuF ). We note that the
matrix adj(DuF ) is still well defined and of rank one, when DuF has rank deficiency
of one (along F). Now, we can remove the scalar singularity (pole) by the time
transformation
dτ = −det(DuF )dτ1
which gives the corresponding desingularised system
(A.10)
(
u˙
v˙
)
=
(
adj(DuF )DvFG(u, v, µ, 0)
−det(DuF )G(u, v, µ, 0)
)
,
where with a slight abuse of notation the overdot (˙ = d/dτ1) refers now to the new slow
time τ1. Importantly, (A.10) represents a dynamical system without singularities that
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can be analysed by standard dynamical systems tools even in a neighbourhhood of F ⊂
S. Note that systems (A.9) and (A.10) are equivalent on normally hyperbolic branches
where det(DuF ) > 0, and these systems are also equivalent up to an orientation
change on normally hyperbolic branches where det(DuF ) < 0.
Definition A.5. Any point (u, v) ∈ F where
(A.11) adj(DuF )DvFG(u, v, µ, 0) 6= 0
is called a regular jump point.
Note, solutions of the reduced problem (A.9) in a neighbourhood of F approach
regular jump points (A.11) in forward or backward time and they cease to exist at
regular jump points due to a finite time blow-up, i.e., the reduced problem (A.9)
has a pole at jump points. This finite time blow-up of the reduced flow at a jump
point happens exactly in the eigendirection of the defect of the layer problem which
defines the locus (and direction) where a switch from slow to fast dynamics (or vice
versa) in the full system is possible. This, together with an adequate global return
mechanism via the layer problem may provide the seed for a singular relaxation cycle,
a concatenation of slow and fast orbit segments that form a loop. For persistence
results of such relaxation cycles under small perturbations ε 1 we refer the reader
to, e.g., [58, 75].
Definition A.6. Any point (u, v) ∈ F where
(A.12) adj(DuF )DvFG(u, v, µ, 0) = 0
is called a folded singularity.
Folded singularities are equilibria of the desingularised problem (A.10) but not neces-
sarily of the corresponding reduced problem (A.9) itself. At such a folded singularity,
the vector field of (A.9) contains indeterminate forms which could prevent a finite
time blow-up of certain solutions of the reduced problem approaching a folded singu-
larity. Such special solutions of the reduced problem that are able to pass in finite
time through such a folded singularity from one branch of S to another are called
canards, and they play an important role in understanding the genesis of relaxation
oscillations as well as in creating more complex oscillatory patterns in singular per-
turbation problems. The terminology ‘canard’ was introduced in [12], and we refer
the interest reader to important persistence results in, e.g., [33, 58, 11, 74, 83, 84].
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